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Solution | a The method is often called integration by parts, " ἃ Εἰ ᾿ : 
a = = = = ; t,,? ᾿ " ᾿ δῷ : 5 ag AS ᾿ ie 
(a) Method 1. — Letsin 32 =u, met du = 3 cos 32 dz or cos dz = du/3, Then (Ὁ) Let F(z) = z G'(z) = et, Then F(z).= 1 and G(2) = 4e7* , omitting the constant of integration, it a ἢ 
. | ΝΣ Thus, by part (a), : : Ὁ ἢ t 
: du ἃ lu . 2 ἜΠ ἢ Hl 
J sin 32 cos3z dz = fu = = fu duz-—+¢e . 2: : ‘ as a in δῇ 
| 3 3 | 3 2 ' ) J se dz = { F(z) Ο΄ (2) dz = F(z) G(z)- [δ΄ G(z) dz A hy i 
| Mee = sin’ | : 2) fy | τ Ἶ 
| eeu te = sin ὥχες = ()(8 ε3ι).- {10} ὁδιας a bre 1228 4 = | . iy Ἢ 
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Afethod 2. | sin 3z cos3z dz = 5 {sin 32 d(sin3z) = gun 324¢ . | a 

| . (6) Integrating by parts choosing F(z) = z’,-G’(z) = sin 4z we have ΝΙΝ “:: ἥ ; 

Method 3. Let cos 32 = u..Then die = -3 sin 32 dz or sin 3¢ dz = - dw/3, Then 7 ἊΝ ἌΝ, . ἢ ὃ 

π᾿ 4 . - - ie [e sin4z dz = (ζ )(~+t cos 42)  (22)(-4.008 42) dz Ν ᾿ ; 
Ὁ | sin3zcos3zdz = --|udu = --u'+¢, = -—cos“3z+¢ : πω τ Ἧ 
é | | ‘ : ite | τ 6 , 6 ἰ = ~tz'cosdz ἘΦ [ζοὺς ἐς az ; if 7 ἢ 
πὶ +. ἢ ἧι. A se ‘ “ἢ 
Ξ Note that the results of Methods land 3 differ by acohstan. = Integrating this last integral by-parts, this time choosing F(z) = z and G’(z) = cos 4z, we find [ ἢ 
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(b) Find fz edz and J, 1 oraz. : 


in sign y Integrating ‘sin dz successively, and the terms altefnate 


; ᾿ Pg The double integration by parts can be Indicated in a suggestive manner by writing | - ἢ Ἢ 

Method 2. [τοι (21 55) de = [— Cet) a! Ι d{sin (22+5)] oan . a a , aa ὌΝ i 

sin'(2z + 5) 2. sin (2z +5) ae [- sin4z dz = (2°) ~ 760842 | ~ (22) ~ygsin ἧς | +(2)| —cos4z l+c. : ὃ 

= s-In sin (Ὡς +5) +e ΕΝ «τ 1. se 

= γ, se | δ. Pee eee 5 τῇ τ΄ cos 4z+ g sin 4z+ 32 “98 4z i 

5429 (a) Prove that J Ae G'(z) de = F(z) G(z)~ { F(2)G(2) di. . Wp where the first parentheses ineach term (after the first) is obtained by differentiating z2 success vely, ᾿ ᾿ 
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(c) Find f 2? sin 4e ie ταῆὰ fo sina i what (4) The points (0, 0) and (z, 1) correspond loz=Oandz= 7+ i, Since (z + 2)e" is analytic, 
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| af ral {s independent of the path and is equal to | 4 ἢ 
() Evaluate J. (2+ 2)e"de along the parabola C defined by πὲγ = x? from (0, 0) to (7 1), He 5 | : , i) 
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Solution | Ἦν. i, (2+2)e"dz = 4(z2+2) = “(εἰ “ ἱ τὴ 
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| d{F(2) G(2)) = Fs) GQ) da-+ F'@) Gla) de ἢ = {παι 42} 2), gener 2, | Ἕ! 
Integrating both sides yields - oh : ian ; df "ἢ 
: . | a, | ae = -εῖ οἱ 42+ ee 2e7!) . τ 
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is. ee omplex Variables ΒΕ a Cauchy's Integral Formulae and Related Theorems : 2 a 
—' Β ἢ 
| a 3 a4 
F fitz) ne Ἶ sin 3z i 
ae a,y™ Where f, (2) is analytic and (δ) #0 8.40 Evaluate Φ. στ τς Cis the circle |z| = 5 ὴ Ὶ 
It Fez) has a pole of order mal Z = a>, then a 3s : ὃ ' Ἶ 
. = P oes tay ted "5, 41 Evaluate ᾧ. Ξ π dz if C is:-(a) the airclé |z—- 1] =4, (b) the ellipse | z~2\+[z+2[= : . ; , ὴ 
4 ‘£2(2) τος ) Ae ὦ - πὶ ; : 7 ἦν 
F(z) = : where ἢ, (2) is analytic and ἢ. sain. ὲ a . ἐπ 
j ae a)" i . / fla) #0 oa 5.42 Evaluate ee ps dz around a rectangle with vertices at; (a) 2#i,- is (b) “2-24 ἱ ἢ 
; Wey a C ἢ -Ἰ ms vy -- 
- Then by (1) and part (a), hel ᾿ ψῖ | -" ; : ; ἣΣ : ‘a 
ἣ Fe) ἐς °$.43 Show that πῆ Boar "a sin (if t > Ὁ and C is the circle | z| = 3. ἃ : ἣν ; δ 
᾿ς oT : : ἘΝ ᾿ ᾿ δὴ ΝῊ 
τῆι πὶ Τί (g—a,)™ dni ty (za) a 5.44. Evaluate >. a where C is the circle | ue te ᾿ 
' . - Ps Ι gmel a . a τ we Hi ᾿ 
Ἤν ae RTT Ξ mot [(Ζ -- a1)" F(z) ἘΝ: 5.45 If Cisa a — curve enclosing z= a and fiz) i is analytic inside and on C. ee i ie 
2 ἘΣ ει π ζ Be td | i c 
: . Seon ; f(z) dz ; | τ i = . Ae . 
mo Seng hat J (4) = . 7 | κι ὑπ ἢ ἢ 
+ tim — (lag) FO) Ἐς Prove tnat ὅπ (sd). . « : : τ ἢ Ξ 
ον σα (πη πο dz Mare 5.46 Prove Cauchy's integral formulae for all positive. integral ‘values of n, (Hint: Use. mathematical — ἢ Θ ᾿ 
If the limits on the night are denoted by R, and Ry, We can write . a - induction.) ά ἫΝ ἢ c= ἷ ; 
| $ Ρ(2)4: -- oni ᾿ hia sin® 2 ‘sin? 2 Ses τς " 4 
. οἰ (ἐ)άς = AiR, + R,) ae 5,47 Find the value of (a) $. = rT a 7(b) $. PTET 2, If C is the citcle beled. i ὦ ἷ 
where ΑἹ Ὧπα R, are called the residues of F(z) at the poles z= a, and z= ay, at ." a ᾿ 7 OY 5 ἣ 
RES 55" : ΝΣ . ᾿ς . Bs 
In general if F(z) has ἃ number of poles inside C with residues Rj, Ry, «., then φ. F(2) ἐξ Ξ “πὶ or pine Evaluate 2πὶ Te (2? +1)? dz ieee circle: Jz ee <a 3 a 
ac ofthe : Ρ ᾿ : : , sell ay 
lirhes the sum ofthe residbes. This result is called the residue theorem, Applications of this theorém: ΕΝ 5.49. Prove Cauchy's integral formulae for the multiply-connected region of Fig. 4,26, Page 4.31. -. ἐκ & Ν 
together with generalizati n to singularides other than poles, are treated in Chapter 7, Ae ᾿ ἢ a 
; “ἃ sige )~MORERA’S THEOREM ες ᾿ ‘6 an: 
5.38 Evaluate b. a. Pa da where C is the circle |z| = ὙΠ . ἮΝ is ᾿ς δὴ 
ae: zd | ὃ ᾿ς ἢ 
Sani Pa ; et αἱ ae _ 5,50. (a) Determine whether G(z) = " se is independent of . the path joining | and 5, . - ἢ ᾿ 4 
olution Thepoleso ππνς ἐν ae ἐδ ει ἀῶ ---. Σ rth 
oi, sae ὩΝ my (2-H) (2+ πὴ z= #7 inside Cand are both of order two: Ree (b) Discuss the relationship of your-answer to part (a) with Morera’s theorem, ‘4 ἡ 
“Ἐν :. ἡ at ' οἱ ὙΠ ' ΣΡ. 5.51 Does Morera’s theorem apply in a. muhiply-connected region? Justify your answer. Ἢ ᾿ 
Residue at z= mis him = —= 4 (z- ni)? = = dae Ν 8.52 (a) Suppose P(x, y) and Q(x, y) are conjugate harmonic functions and’C is any simple closed curve, ἢ 
eon It dz ες ἄχ - πῆ" (Σ Ὁ πῇ) .4π' ᾿ ' 
' ἐν, Fs ᾿ : prove that φ. Pdx+Qdy=0, ἢ 
Residue αἱ 2 Ξ -- πὶ is, lim 2 (2+ Ai)° e _ F-/ “2 .:᾿1Φ1ὉῸὉὈὖ|,. ΄ὦὺ νὴ sg i ἢ 
; bore’ ἐν gehen 1! dz (ς ὁπ): ἐπὴλ} are ᾿ ᾿ (Ὁ) If for all simple closed curves ‘Cina region ᾷ. Φ. Ρ dx. + Q dy = Q, ἰς it true that P and Q are i 
“= ᾿ e 48 ὶ Ἢ 
! εἰ ΕΞ ; t conjugate harmonic functions, i.c, is the converse of (a) true? Justify your conclusion, 
Thea foots ay dz 2πὶ (sum of residues) = pe ue {5} ite, | = | . ἴ 
(εἴ Ὁ}: | ae ae) F CAUCHY’S INEQUALITY «5 Ἷ ; 
᾿ ay 
αν ναεν : . { hee 
Ὡς ἢ UpRREN Me 5.53. (a) Use Cauchy's inequality to obtain: estimates for the derivatives of sin Ζ at z = Ο and (b) determine ἢ ei a 
= δ ες how good these estimates are. . i = ΠῚ 
- CAUCHY S INTEGRAL FORMULAE a war ὦ 5.54 (a) Show that if f(z) = WM = z), then fz) eal/(l =z)"; ' ὴ ᾿ id 
| ᾿ ns Ὁ (8) Use (a) to'show-that the ΕἸΣ inequality is “best possible", 1.c., the estimate of growth of the nt ug 2 ξ 
] ο αὐδῇ derivative cannot be improved for all functions. Kd Ξ [ἢ 
5.39 Evaluate .— ad a ‘if C is: (a) th = _ Key Ρ ; 5. ie 
coy 2 πὶ v= 2 -2 ν (a) the circle | 2| = 3, (Ὁ) the circle | Σ[Ξ. ae: -: 5.55 Prove that the equality in Cauchy’ 5 Inequality (5.3), Page 5.2, holds if and only iff (= kMz"/r" where ἢ 24 
-_ wm ἢ [ἀ{Ξ1. ἢ BS: 
5.56 Discuss Cauchy's inequality forthe function fz) = e7!/z? in the neighbourhood of z = 0, | i ᾿ = 4 
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3.93 Prove that Bz4 -- 62 + 5 =|0 as one rvot in each quadrant. 
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5.64. Work Problem 5 $3 if the function takes the values ~| ifxe- LQif-l<x< hand ifx> |. 


5.85 Prove the statement made in Problem 5.31 that the integral over f ‘approaches zero as R ~7 οὐ, 


5.84 Prove thal under suitable restrictions on fix), 


_ tym ἡΓ[() ᾿ 
an π ΙΒ (x~ 0)? +77 ax= £6) 


and Stale these restrictions. 
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5.57 Verify that the functions u and v of equations (5,10) and-(S.11), Page 5.3, satisfy Laplace's equatian, 


MISCELLANEOUS PROBLEMS | = 


Ἵ ede | 7 
5,88 Evaluare “τι τῷ τ where C is the square with vertices at +2, +2 + 4i, 
oe F244 
‘cos’ te 
5.89 Evaluate φ.- —— dz where ΟἿς the circle lej= | δπά 1» 0, , 
5.90 a) Show that ἢ = 2πὶ if C is the circle [z| = 2 
Cz+] 


(b) Use (a) to show that 


(x + I)dy -- = 


(x + I)de+ y dy = 0, 4," ; 
x+ +y? 


(ne (rely yt 


= 27 


aid verify these results directly. 


5.9] Find all functions f (2) which are analytic everywhere in the entire complex plane and which satisfy the 


conditions (a) 712 -- ὃ = 4i and (0) {{({)  « εἰ for all z, 
5.92 If Kz) is ae inside inside ind on a simple closed curve C, prove that 


(a) fla —J, cl fase a0 ᾿ ea 
"1: | μα. } | 


n! 


22 


(b) epithe +e ? de 


5.94 Show that (a) e 04 οὖς (sin & d= 0, (b) [΄ 6598 sin (sin A 49: 2π. 


Ἶ 


ἐ oa 5,102 Prove that 2° + 1922+ 640 =9 has one root in the first and fourth ied and two roots in the second 
if et : and thir quadrants. “ 
ἔξ 5102 Prove ” the function xy(x? ~ y*) cannot have an absolute maximum or minimum inside the circle - 
pi ike $104 (a) ne function is analytic | in a region &, is it bounded in ΑἸ (b) In view of your answer to (a), is 2° 
he ay necessary to state that f(z) is bounded in Liouville’s theorem? . 

eee. 5.105 Find all functions f(z) that are analytic everywhere, have : zero of ardér two al 2 = 0, sutisfy the. 
ane; condition | /“(z) | 5 6] Ζ] for all z,.and are such that /(i) = “@ 
eee 5.106. Prove that all the roots of ζ΄ + z-16/ = 0 lie between the ae [elsland{z{[=2. | | : 
ee i 5,107 If U is harmonic inside and on a simple closed curve C prove that = 
REN . 
he $ or eo _ 
me ag 

a where n is a unit normal to. Ci in the z.plane and sis the arc length parameter, 

ie ᾿ §,£087 A theorem of Cauchy states that all. the roots of the equation z* +a, 2! +a, δεν τα, = 0, where 
Re Gy, Gg, νὸν @, are real, lie inside the circle [2 Ἐπ MAX (α1» ἀν 4 Gy}, Le. | 2] = 1 plus the maximum 
re of the values Gy. Oz) «eG, Verify this theorem for the special cases (8) P - 22 +z- 1 = 0, 
Bik (Ὁ) 24 + 22+ 1 0, (0) eh --22 22 +220, (6) 24 + 327 ~ 62+ [0 - 0, 

xi ve 5.109 Prove the theorem of Cauchy stated in Problem 5,108, - 


S.9S Extend the aa of Problem 5.32 so as to obtain formulae for the derivatives of f(z) at any pointin®. Ὁ 
5.96 Prove that 2? e' = 1 has exactly (wo roots inside the circle [ z| = 1. 
$.97 ΤῸ πὰ Ci iS. any siniple closed curve enclosing z = =I, prove that 
ἱ ze“ i? 
--- dz=|t~-—/e7! 
2πὶ $C (2 +1) 2 


My 


5.98 Find all functions f(z) which are analytic in | z| < 1 and satisfy the conditions (a) f(0) 


On a Oe RIN ARE PLIES ITE ΠΩΣ wea ee itt SST NG: RSLS PCTs Od oe ee 
. a δὲ = ὦ pace i eel: 


(Ὁ) | f(z) ΞΞ 1 for fel «1. 
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5.99 Let f(z) and g(z) be analytic inside and on a simple closed 
Oy, en Gy, ANG Poles at Dy, Bo, vey δὴ of orders (multiplicites) p), Ρ» Pm 


Prove that ; 
, ; 

- ¥ 448 (b;) - ; 

5.100 If f(z) = aot! Ὁ αἱ τοὶ + a? ZF + +a, Where dy #0, Oy, ...» Oy ATE complex constants aide ς encloses 


all the zeros of f(z), evaluate: (a) — 
8.101 Find all functions fz) which διὰ analytic in the region, | z | 3 { and are such that (a) f(0) = 


‘ 3 oa ΠῚ υ 
, ἦν ΩΝ art Sth] Hag, ree ny “ . ae os 
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Complex Variables 


qi 
R, where the radius of convergence καὶ is 
|z-a |=, the series may or may not 


The region of Convergence of the series (6.4) is given by |z-a |< 

the distiinee fron εἰ the nearest singularity of the function f(z). On 

converge, For [2 -- al > &, the series diverges, 
Il the nearest singularity of Az) is at infinity, 


| the radius of convergence is intinite, i.e. the series converges 
lor al) s, 


ita = in (6,3) or (6.4), the resulting serias is often called a Maclaurii series. 


SOME SPECIAL SERIES 


ΠΝ πος ΠΝ, : 
The following list Show some special series together with their regions of convergence. In-the case of multi ple- 
valued functions, the principal branch is used, . 


1. ἘΦ os 2 epg. . | z|< 00 
a es yt 
2. sing = a χὰ at . [zl<es 
a τὰ tne 
Neore κατέ δου τ γε et, τὸ 
4, In(l+z2)= Seth yf y.. . fel<i | 
5. tan! z Se ae ee eee ἤει 
6. (I + ey’ Steg a a“ δος δ δ prt eg {1|«] 


This is the binomial theorem or formula, If (1 +z, is multiple. 


has the value | when 0... a ΞΣ 


LAURENT'S THEOREM ; 


Lei ΟἹ and C, be concentric circles of radii R, and R, respectively 
and center αἱ ἃ (Fig: 6.1}, Suppose that 1) is single-valued and 
analytic on ΟἹ and Cy and in the ring-shaped region & [also called 
annulus Orannular region) between C, and C,, shown shaded in 


tigure Leta +h be any point ἐπ᾿ ἃ. Then we have 
Hath) sag + ah taht oe Set 22 ea 
| , ἡ Sil f(z) | 
Where Ὁ a d,s “τ. δ" = 
| " Ζ2πὶ 76, (2~.a)"*! de n=0,1, 2... a ἃ 
: ‘ . a Oe oa J ( n= d ‘ ᾿ (6,6) 
: 4 7. Gen πη ἧς, ζ -- ay" f(z)dz n=l 23,4. 


C; and C, being traversed in the positive direction with τ 


ΟὟ In the above integrations, we can teplace C, and-C, 
Problem SAOI|: Then, the coefficients (6.6) can be writt 


espect to their interiors, 
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infinile Series: Taylor's and Laurent's Series 


‘J 7) 
-- ὦ n=Q,t1,42,... 
: an “πὶ ς (z ~ a)"*! ὦ (6.7) . ᾿ 
With an appropriate change of notation, we can write the above as : 
fa) = ag + αγίς - αὐ +aj(e~ a+. ¢ Shyer 4 (6.8) 
Z-a (z-a) : 
᾽ ἱ Κῶ Ϊ ' { ᾿ 
᾿ , Se == ᾿ δὲς (6,9 ὴ 
where -- a, ὟΣ ar df ne#x(0, +1, +2, ’) . 
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series OF expansion, | us 
‘The Patt ay +.4,\(2- a) +a,(z~a)* +... is-called the analyticpart of the Laurent series, while the remainder 
“of the series, which consists of inverse powers of z~ ais called’the principal pari. If the principal part is zero, 
the Laurent series reduces to a Taylor series, 


CLASSIFICATION OF SINGULARITIES | | : 


It is possible to classify the singularities of a function 
purpose, we assume that in Fig, 6.1, Ry = 0, so that fz) 
isolated singularity (see Page 3.5}. In the following, 
indicated, 


I. Poles. If f(z) has the form (6.8) in which the principal part has only a finite number of terms given by: 


f(z) by examination of its Laurent serieg. For this. - 


is analytic Inside and 6n C, except at z=, Which is an - 


= + =a treed ταν: 
where a, # 0, then 2 =a is called a pole of order ἢ If n=, itis called a simple pale. _ 
If f(z) has a pole at z =a, then lim 712) = ce [see Problem 6.32}, 
2. Removable singularitles, If a single-valuel function Az) is not defined atz =a but lim f(z) exists, 


t~a 


then z=aiscalleda removable singularity, In such case we defind (12) al z=a as equal to. lim ἢ), and 


f(z) will then be analytic ala, : ' 


If f(z) = sin vz, then z= Oisa removable singularity since ΧΟ) is not defined but 
lim sin 2/2 = 1. We define (0) = lint si 


ima 


Example 6,1 
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z z 31: 8! 7! 8 St. Fi 


Essential singularities, If /{z) is single-valued, then any singularity which is not a pole or removultle 
singularily is called an essential singularity, If z= a is an essential Singularity of fz), the principal part 


of the Laurent expansion has Infinitely many terms, 
Ε [ ᾽ liz l l ἷ Α t , e ᾿ 
xample 8.2 Since eM = | +—+——4—_ 4... 25 Ois an essential singularity, 
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(b) The same argument given in part (a) serves to show that the series tonverges uniformly to sunt z: qi Ἷ 
Ine Ine Gh, 
for|2| 9 or|z| ¥ .99 by using N= -landN= ~{ respectively. Reals 
: in (9) In(99) ee ad 
However, it is clear that we Cannot extend the argument'to | z| = 1 since this would require ἢ st 
Ine 3 : Roe 
N= a ἢ πὶ which is‘infinite, ie., there is no finite value of N which can be uséd in this case. i oe 
Sethe "ας ἘΠῚ 2 ἜΗΙ 
Thus, the, series docs not converge uniformly ἔοτγ [ς { τε ἱ, A hs 
_ ἢ ; Ses 
~~ Ἢ ee 7 ye. te ] ot : ἈΝ. 
G4 (i) Prove that the sequence rs τὼ uniformly convergent to zero for all.z such that|z|2=2, 3 i 
a (Ὁ) Cun the region of uniform convergence in (a) be extended?. Explain, es 
_ Solutlon ἀξ 
: : ἽΝ 
μ \W ] τ ’ | a . i 
(a) We have |-—— -0, < € when <€ or|1+nz|> le. Νὸν [1 +nz]s[-1]+|nz|=1+ : 
τὰς 1 11 Ἐπ] | 
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6.2 (a) Prove that the series 2(1 ~ 2) + 24(1 
. Solution The.sum-of the first 1 terms of the series is 


Sz) = al-dee ede... ὁ 7-2 | ; 
:-ζ ela ent Zug?! 


Ξς- δι 
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In € 


Now] S,(2)--2|=|-2"* “=]z|*! < efor (n+ 1) in{zi<ine@,iea+)> orn> 


ον ; In|z] 
If 2 = 0, S,(0) = 0 and 5,0) -- ΟἹ < efor all π. 
Hence lim 5, (2) 


= z, thé required sum for all z such that |z|< 1. 


ῃ i : 
Another method, ry 


ae 


. Since 8 (ὃ = z= z'*!, we have (by Problem 2,41, Chapter 2. in which we showed that lim ς΄ =Qif|z] « 1] 


i-bee 


lim(z~2""!) =z 


A=—oe 


. Required sum = S(z) = lim 5, (2) = 
1 Pan 


ABSOLUTE AND UNIFORM CONVERGENCE. . ᾿ 
6.3 (u) Prove that the series in Problem 6.2 converges uniformly to the sum zfor | zs $ ‘ 
(Ὁ) Does the series converge uniformly for} z} s 1? Explain. 
Solution , | 


In € 


(a) In Problem 6.2, we have shown that | S.(2)=2 [ « é forall n> πὶ. Le. the series converges 


In| z| 


to the sum 2 for|z] <1 and thus for | z|¢ 4. 


* 


" : ἰη ς. 
Now'il]|z[$ >, the largest value of 


Inf2| 


πὶ occurs where |z]=4 and is given-by 


We, 
in (1/2) ; 
the particular’z in| 2.15 5. Thus the series converges uniformly to z for |z| S24. 


τὶ =N. Ut follows thal | 5,(z) - δ] < € forall a> N where Ν depends only on €and not on 
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Infinite Serles: Taylor's and Laurent's Series 
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To determine whether it converges uniformly to zero, note that the largest value of Ae 
ἱ 


|2| 2 2 occurs for|z| Ξ 2 and is given by £{(1/é)-1) =A. τὶ follows that oer “-0} «εἰ for-all 


n > N where W depends only on ε and not on the particular z in | z| = 2. Thus, the sequence is 


uniformly convergent to zero in this region, ; | 


ἣν τ᾿ 7 ‘ lle ~] 
ue 


Thus, the sequence converges to zero for |z\ > 2. 


rz in} 2| = doccurs for|z|= dand is given 
Z . : . 
ΟΠ LA 


converges uniformly ἰδ ΣΟ for all zsuch “. 


wih” 


(l/e)~1 Séquence 


by — 
that | z 3 
Since dcan be chosen arbitrarily close to zero, 


considerably, . Te ant ee ᾿ = 
6.5. Show that (a) the sum function in Problem 6.2 is discontinuous at z = 1, (6) the limit in Problem 6.4 is 


discontinuous at z 5 0. , . " 


(a) From Problem 6.2, S,(z) = 2-27*', Stz) = tim δ. (2). Hz] < 1. S(2) = 


5. (2) 2 S,(1)=Oand tim 5, (1) =0, Hence S(z) is discontinuous at z= 1. 
ἐν hove 
ἱ 


ἱ ἱ \o— = limu,(z) we have U(z) = 0 if z#0 and 

(Ὁ) From Problem 6.4, if we write u,(z) = TF and U(2) τον n(2) (2) 
| if.2=0, Thus, U(z) is discontinuous at z = 0, ae 7 ΝΞ 
These are consequences of the fact-[see Problem 6,16) that.if a series of continuous lunctions 

is uniformly convergent in a region &, then the Sum function must be continuous tn 4. Hence, if 
the sum function js not continuous, the series cannot be uniformly convergent. A similar result 


holds for sequences, | 
Prove that the series of Problem 6.2 is absolitely convergent for |z| <1. 


Solution 4 | 
Let Τ᾽ (2) εἾ τι! τῶ [π|τ πτῷῦ[} Ἐν. Ἐ1 Ὁ - )] | 
sjl-zi{fzl+[ePrizPr. lel) ΝΣ 


_ Asin part(a), it follows that the 


2 δ ie. in any region which excludes all points in a neighbourhood of z = 0. ΝΣ 
it follows that the region of (a) can be extended 
‘I. 
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lim S,(z) τ ς. τ τ, 


Ar 3 


6,6, 


=Oand lim ΤΙ, (2) exists so that the series -converges absolutely, 


᾿ {τ α1π| 


z| 


{f|z| <1, then lim |z!° 


i= 


, . : L~z 
Note that the series of absolute values converges in this case to | =I 


SPECIAL CONVERGENCE TESTS © 


6.7 IfZ]v,| converges and|u,| |v, |, = 1,2, 3, ...prove that Z| u, | also converges (i.c., estnilish the 
comparison test for convergence). 
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- Complex Variables 3 aa lntinite Series: Taylors and Lauren's Senes : i τῇ 3 AE = ἢ 
; : Sc “ει. εκ 
ι ὼ ᾿ i ; ΚΟ". : E ᾿ b 4 δὲ 
ΜΕΝ τι 4ι. ἐς τς ἢ a ae” . 4 ἢ ᾿ τ Μὰ Ἷ 
It follows that the given series converges (absolutely) for] z+2| τά 4,.Geometrically this is the set aM . (b) ‘The given series is’ ἱ api : 4 rt z+. The first two terms can be omitted without bs Ὁ 
«Ὁ all points inside and on the circle of radius 4 with centre at 2 = -2, called the circle of convergence ἌΝ ι ae eS 3 ὁ ξ ἢ is i 
[shown shaded in Fig. 6.3], The radius of convergence is equal to 4, ΞΕ Ξ _affecting the uniform convergence of the series. For n = 3 and I< 111 <2, we have | ΝΞ ἣ : 
i Ἢ ν Ἢ . (4a 4 
: . ν ὺ- : | ; 
4,12 Find the region of convergence of the séries (a) δ᾽ mere: (Ὁ) Sonte”. : ln? + 2712 63} [22] εΣ -424n? of -π- τ 5 4 nn | rn + 
' wat (δ πὸ} εὐ ; . π᾿ τ n° : Ως : 
, Solution Ὁ ες ᾿ net | | | he ds 
ἜΣ ΩΣ (-|)" 225" ; | } ee ρας, it follows from the Wel M test (with M, = 2/n?) that the giv Η ἢ ἷ 
' " 2 ig ἴα \ τ: es : : nae σοὺ ' Ι - ᾧ sea Ν 
(a) Ifa, = (2h yt then uw, , | = (n+)! . Hence, excluding z = 0 for which the-given series oie 2, n? ore ile τ ἘΠ ΕΣ ΘΗΝ ἦ a “is "ἢ : ἢ 
=|)! ee , , ref H 
converges, we have series converges uniformly (and, absolutely) for | <[z{<2. ΝΞ "ἡ ὴ 
ΝΣ ; | Note thal the convergence, and thus unlform convergence, breaks down if|z|=lor|z|=2 . tn: 
tin θη} = tim fe (2η -.} _ iia (2a-1)If2[° [namely at z= +i and z = +2i], Hence, the series cannot converge uniformly for! Sfz[=2, 0 | Γ᾿ fe 
~ ~ Ν ᾿ : ᾿ ᾿ : ὩΣ τὴν δῷ 
ase! i), A=eo (2n + 1)! A~eo (2n + I)(2n)(2n ~< 1)! ‘ cer (c) If 7=i+ ty, We have Lo oe 3 Ε Ἢ 
2 AE | os = na ὶ 
Fee ἱ - -ἰ ” re ef ἢ Θὰ 
+= tim ial =0 : ee cosng eC te erry y grinatay ἘΠ Cosnx +isin nx) , eo (cosnx~isin nx) εὐ το i _ 9 ὶ 
mst (2η ΤΉ (2) og rr, Ὁ" 2n? = 2n! - # Oe 
for all finite z. Thus the series converges (absolutely) for all z, and wesay thagtheseriesconverges ‘git’ a ; ἜΤ ie Bg 
: for | z| <0, We can equivalently say that the circle of convergence is infinite of that the radius of peu The series ' i .2 8 
convergence is infinite, 4 9 εν" a Bi ic — 6") (cosnx -- isin nx) =e (cos nx +isin nx) ' - ΤΙΣ =) " 
᾿ ; ᾿ ᾿ . oe ee A me . if rd 
(Ὁ) Ifu,snlz*,ugy, a(n I)izt*!, Then excluding z=0 for which the given series convergds, we hdve ἜΝΙ » ys on? and > on i ἘΣ ἢ 
oo See Fe: = nel : εὖ αἱ “4 oe 
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Heiece, (1) becoines a ᾿ ng i 
‘ . 2 Δ) δἰ εἰν oA a nasitive integer Ν᾽ depending on € and noton z such that for allzin & - Σ ae ἯΙ δ 
᾿ς Ζε͵ε E+ 22542 = here Ξ ae | ,; i ἣν 
| ξ i 25 Ξ 35(35-1) + id As(4s—N(4s—2) +... | | F(z) -- 5,(2)} «ες forall ΠΡ Ν Ja). te ἤ 
᾿ Now βυρροβα παι C is any simple-closed curve lying entirely i in & and denote its length by: L, hs ΐ 
ANALYTIC CONTINUATION Then, by Problem 6.16, since f(z), k = 1, 2, 3, ων are continuous, F(z) is also continuous so that i 
ὌΝ ;, ἬΝ . Mf 4 
. (-- ἡ φ. F(z) dz exists. Also, using.(1), we see that forn > N, i 4 
6.30 Show that the serieg{a). LS may and (Ὁ) 2 n+l are analytic continuatios of. each other. ΩΣ [ ΕΝ ᾿ a 
= 2 (2-7) ae 1G Fle Nae = -Σῷ, fyl2)ee| = ᾧ ἰδ τι) ἢ 
᾿ ΛΩΝ - τῷ 
a) Βγιῇ ἐπὶ "Ἐς 2° 3 , 
” ) y ὁ ratio test, the series converges for|z|<.2 (shaded ae Because € can be made as small as we please, we ὦ that | Se ὑπ = 
in Pig, 6, 6). In this circle the series (which is a Se RG ; is 5 
: 3M ᾿ : - δὲ ° 
‘geometric. series with firstterm $ Σ and ratio 2/2) can be ἥ ἐπ φ. F(2)dz = ΣΦ. fel2dde | ad Ν hm 
| "2 1 τ Ὁ aa | τι τι ἢ Δι 
: summed and represents the function = a = a, : ts But, by Cauchy’s theorem, >. ffz) dz = 0. Hence . ut 4. i 
. δ af 5" 
Ξ : μὰ Hb 
(8) By the ratio test, the. series converges for - ξ-- <I, ¢. F(z) da = 0 | ᾿ ἜΣ τ = : 
~i . 3 - Ἦν 
(6.1) i < JB, (see Fig, 6.6). In this circle the series PEO and so by Morera’s theorem (Page 5.1, Chapter 5) F | i Ey 
(which isa geometric series with first term 1/(2 - ἢ) and ratio (z - ΔΩ « ΒΡΗ can be summed and 6.33 Prove that an analytic function cannot be bounded in the neighbourhood of an isolated singularity, yi = I 
1/(2 --ἢ { Solution Let 2) be analytic inside andon a circle C of radius r, except at the isolated singularity 2° i it 
“represents the function T=@-)lQ=p = ri : a taken to be the centre of C, Then by Laurent's theorem f(z) has a Laurent expansion -, ἢ 
Since. the ' “a Ξ ἣ 
rs : i ae series represent the same function'in the regions common to the interiors of re => a(2- ay . (1) ᾿ I 
‘Git and [z= i= v5. it follows that they are analytic continuations of each other tu 
ὟΝ where the coefficients a are given a eaiuslon (6. 1), page 6.7. In particular, ; : τ ! 
6.31 Prove that the series 1 + 2 + 22 + ζ' +2ie a τε v2 cannot be continued analytically beyond ; f(2) _ | i 
Solution Let F(2jeb+ze22tete 2 oe ΠΝ ΘΕ ὅν: ᾿ 
See ae 2 +e +... Then F(z) = 2+ F(z’), Ε(2) Ξ 5 - 22+ F(z e 2 ee r ' us 
+ 2 + F¢z’) |, ( ) ἐν ζ + F(Z), Fa) ez+z aye Now, if [fz)| <M for a constant M, Je, if f(z) is bounded, ther from (2), Ἢ 
From these it is clear that the values:of z jag | | ἢ 
given i =],2=1,2=51,2=1,.. areallsin ularities RAS = iS 
Hea pe singularities all lie on the circle [2] = 1, Given any small are of this circle ae will be aes Ια, = ig, (2- -a)"'f f(z) de| 5 --" "Μ .2πΡ τι Μγ' ; 
infinitely many such singularities. These ee an Ϊ ae ἮΝ 
impassable barrier and Ry i 
beyond |z| = 1 is therefore impossible, The circle [2[Ξ 1 constitutes Ὁ ἢ ἡ ae ΕΠ ΠμΗι οἢ ΕΗ Hence since r can be a arbitrarily small, we-have a, =0,0 = 1, 2; 3,4, G_(= 0-2 =0.35..=0, tl 
| δ ae and the Laurent series reduces to.a Taylor series about z = a. This shows that f(z) is analytic at =a so 5A t-| 
MISCELLAN EQUS PROB EMS es et _ that z = @ is not a singularity, contrary to hypothesis, This contradiction shows that Az) cannol be δ a 
Aas | , pe bounded in the neighbourhood of an.isolated singularity, . 2 “9 
52. Let (f(a). k= 1, 2, 3, ... be a sequence of functions analytic in a region θὰ, Suppose that BEE (6.34 Prove that ifz #0, then i = 
‘ . Fi a hte Vat = I/z} Σ ᾿ % oO 
. x . (2) a Σ fi (2) jp ! Ξ έ os ν᾽, (αἡ Za } Ἢ Ξ 
™ Si ΗΝ ἐπὶ BS nd hao ἰδ : 
18 uniformly convergent in . Prove is F(z) is analytic in & ἯΣ pte ῇ - = 
. ae where ᾿ Ja = 5TJ,. cos(n@=-asin@d@ n=0,1},2,.. ᾿ a 
Wear 2479 if a. 
‘ Ute A Ὁ 1 ᾿ ahd 
' ἢ 4 uO t¢ . 
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6.39 { ; etree 6.56 Prove-that if each of two series is absolutely and uniformly convergent in &, their productis absvl | He 
‘ (a) Determine the set of values of ς for which the ‘series rare, + 2'*!). converges and (b) ἢ re and uniformly convergent in (ἃ, ᾿ pe ESET Se eran e Ἶ 
its Sum asd. ge (Ὁ) find aie ; it 
8 mM ee a . ‘ ng 
μος 4 a, Hy, SPECIAL CONVERGENCE TESTS : - ἢ 
1.40. (a) .For what values of —— an Se ᾿ Ba 
| a un = of 2 does the series 2 (2? +1)" CONVErge and (Ὁ) what is its sum? Pky , 6.57 Test for convergence: “ἢ ; ἮΝ 
6.41 If lim-lu (2) τ- ae εἰν td 5 5 ᾿ "' ἢ 
ὁ τ asa Halt) = Os prove that lim u,(z) ει 0. Is the gonvérse true? Justify your answer | a @ YS Ὁ) S— Ὁ Σ- 5 τ ἢ 
ι , ἢ . Mle tees . i ‘\ . ’ , ἊΝ ΤΡ 
6.42. Prove that for all finite’z, lim σύη! = 0, eM al ‘anj 2 i - _ apd πὶ nal 3n* - +2 : uy 
6.43 ‘Let fa,}, 2 = adhe ” ἘΠῚ ‘ si : f ἡ rn ae 
) ae (a,},2 = 1, 2, 3, x. be a sequence of positive numbers having zero as a limit, Suppose that δὲς 4) ᾿ (-Κῦ : ὩΣ 2η-ἰὶ ᾿ μος ἢ 
< es ‘ Dy site ka ' : ‘ ἢ : " ail 
: Ie,(z)] = a, for” 5 bedi 3) laws Prove that fim un(z) = 0, tig πα] dn+3 . "αἰ ΤΡ + + 2 ᾿ ; ‘ . ᾿ es i 
44 ἀρῶν aa τὸ ἢ or divergence ofa senes is-not affected by adding for ἜΝ τῆ: a 6.58 Investigate the convergence-of: : Ἂν i 
. Bs ee ᾿ , ἜΝ 3 
6.45: Let S,=2+ 272 + 323 a 4 . ἜΦΗ. = } “Ὁ Ae : -. - - iy. 
} 2+ 22° + S2? + me FAM, 7, ΞΖ 274 2? + + 2", (a) Show that δ --(, - nz" ὟΣ _ 2) ated : | (a) >, Aa ΠΙ - (Ὁ) ara (c) > Ξ l | ᾿ . (d) >, = — - = 
fan bad * Reale Am] ; aaj > api +42 mite re ἢ 
. ©) single Use'{a) το find the gum of the series δ᾽ nz" and determine the set of values for which the SEAR | 3 ee πρλπις ᾿ , i 
Series converges, | nel | | i 6.59 Investigate the convergence of » — - i 
: ; ee a ee ; avo ¢ =4 | - ἢ I 
0.46 Find the sum of the series 2 Pom , ἊΣ ' ] an * (+i) eo n - ee. “ἃ it 
ἍΝ 120 wai, 6.60 Find the region of convergence of {a) yy τ᾿ 7D (b) aes ze (c) a is 
: ἘΣ : : ΠΌΤ ἣν nad tr at ie n . an Ζ ~| a ni ἣ ma i te 
ABSOLUTE AND UNIFORM CONVERGENCE ae | Se a 
; oa wey  Αὀὄὅ6.61 Investigate the region of absolut | ἌΞΕΙ ἮΝ : 4 
διὰ tnt Poe. ; war gion οἱ e convergence'of δ᾽ a 
(a) eee ce . paige ate ᾿ " alba uniformly to 3ς for all z inside or on the ag | ant 4 (εὐ + 1) . Y 
be Με anes -Part (a) be enlarged ya a ΠΝ : =, etna 4 
6.48 (a) Determi whether the sequence t,(z) = ne/tn? Ἔν ? Explain, ΡΩΝ ἘΣ 6.62 Find the region of convergence of Σ : : . Σ 
zero for all z4nside [2] = 3. (8) Does the aera Hee 6.36(b)} converges uniformly io ἢ Ἦ “ποία +i)? i 
6.49 Prove that the series l'+ az + οἱ» 7 Hole tor all finite values of z? ἐκεῖν ~ | Ἢ 
᾿ ζ΄ +... converges unif =a) ines ἣν τ , : Ἢ 
where R< 174}. ᾿ Bes uniformly to 1/(1 -- az) inside or on the circle πὶ & ἢ 6.63 Prove that the series Sn Εἰ τὰ) diverges although the ath term approaches zero, Ϊ 
ὑὸν Investigate the (a) absolute and (b) uniform convergence of the series | μὴ i πο oc | i 
or ee : : Mise. . : ar = iy 
ες ζί3 -- 2) .19- τ): ,23- 2) ᾿ aa 6.64 Let W be a positive integer and suppose that for all π᾿ W, {u,| > (nan). Prove that Σ “a diverges, ‘ 
n er τ τον» ΩΝ . ταὶ ᾿ " ᾿ é 
ΠΝ ἮΝ 2 3? 43 34 ' an 6,65 πα the’ validity of the (a) nth root test {Theorem 6.12), (Ὁ) integral. test (Theorem 6.13), on Ν 
3 nvestigate the (a) absolute and (b) uniform conver bine cay age 6.4, pe | K 
eee: We gence of the serie Be : ᾿ Ι 
: oe the (a) absolute and (b) uniform convergence of the nas j Problem a . ba te | 6.66 Find the interval of convergence of 1+ 2z +23 + 227+ 24 + 275 +... Ἶ 
- d,,) be ἃ sequence of positive constants having limit zero: and suppose that for al os ᾿ region & ὙΠ 6.67 Prove Raabe's test (Theorem 6,14) on Rage 6.4, " af 
[μ,(4}} Ξ Gy, A= Ly 2, 3, Neon Pr ἢ Ξ ‘ ἢ 7 My ᾿ 
pan | 4 ove that Nim u,(2) = 0 uniformly in &, Sti =» 6.68. Test for convergence: (a) aie it 
OA (8} Prove that the sequence wu (2) = nzern? ¢ Mir ῸῸ ᾿ —- : ‘ee 
Mee alae (2) = N2 converges to zero ; fini ast τὰ ες Ἢ 
und represent this region geomeirically, (Ὁ) Discuss the ed — z tae Re(z?} > 0, ἜΣ () 2. 2.1 297612 ΠΝ fy 
᾿ Η rence of the sequence in (a) 5} 5. δι10. ὁ4ν[0.1ὅ ᾿ i 
“ ὦ ως cnt ἐπεὶ : . ‘ Phen: ἧς 
6.55. I Dla, und. >, 4, converge ; τ te , ἢ 
ak a , ὃς ¢ absolutely, t ae fi 
re)” Ἢ . “ ἀπ δὼ hat δ δι where 7 Ξ Qo, + a5, ra. + a,2o, δύ | 
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4.94 Expand f(z) = Mele - 2) in a Laurent series valid for 


6.25. Find an expansion of f(z) = az? + 1) valid for|z-3]>2. 9 


6.96 Expand f(z) = i/(z ~ 2) in.a Laurent series valid for (a) Jz| < 


6.07 Uxpand each of the following functions in a Laurent series about 


Ith each case, 


(8) (1 = cos zV/z 
6.98 Show that if tan zis expanded into a Laurent series about z 
(bd) the series converges for 0 < [ζ - πῶ! < 2, (c) z= 
6.99 Determine and classify all. the singularities of the functions: 
᾿ (4) 1K2 sin z= 1)%, (Ὁ) Hel = 1), (0) cos (22 + 2%), (6) tan”! 
6.100 (a) Expand f(z) = e%*) in a Laurent series about z = 2 and 
of this, series, (c) Classify the singularities of f(z). 


6.103 -Prove the converse of Problem 6.102, ie., if th 
must be rational. 


LAGRANGE’S EXPANSION 


6.104 Show that the root of the equation z = | + ¢2", which is equal 


(WO answers, 


6.106 By considering the equation z= @+ $6? - 1), show that 


l= 2ag'+¢? ᾿ 


ansion can be used to solve Kepler’ 
z= a+ Csinz for which 2=a@ when (=0 
6.108 Prove the Lagrange expansion 6.1] on Page 6.9, 


6.107 Show how lLagrange’s exp 


ANALYTIC CONTINUATION | 


εἶς cial 


Pte g\l +i 
the regions of convergence of the series. 


6.109 (a) Prove’ that F(z) = 


graphically 


(9) Determine the function represented by all analytic Continuations. of ΕἸ (2). 
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ee 


ary 


(a) Find 
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CEE ae ὃ 


fb) οὖν (c) ὧν tosh 2}, (d) 22 et, “(e).2 sink 


- 1+ g+ lho : Cele “Vea, exp Nap 


an analytic continuation of F,(z), which converges forz=3 -- 4i, 


~ δ ῃ 
a a 


any 


an”, 


an A 
we’ ἃ aa 
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(a) 0 « {τ|« 2, (Ὁ) [z{>2.° 


; 
2, (0) fz] > 2. 
2 =,Q, nami ng 


‘ ' 
rg type of singularity 


8 


Σ." $ ° 3 


= 772, (a) the principal part is~1/(z~ 7/2), 
W2 is a simple pole, 


(22 + 2z +2), (6) Het~1), 
b) determine the region of convergence 


6.101 Establish the result 6.7, page 6.7, for the coefficients in a Laurent series. 
6.102 Prove that the only singularities of a rational function are poles, 


¢ only singularities of a function are poles, the function 
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to | when ¢=0, is given by 
σκάρος, 


lem 6.104 if p = 1/2 and ¢= L,.(a) by series and (b) exactly, and compare the 


“ἃ 


5. problem of determining that root of 


oo 
is an analytic-continuation of F,(z) = », τ᾽, showing 
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Cee ROUN TONLE eT NS er erate T ite A ἴσα νυν ἐδ Ltr Cent ΕΣ - 4. i o 
HU. OE 
ἢ 7 
ae 
x _ 
4 aa 
| : τὰ ae 
᾽ , ὧν ᾿ se 
(0) Determine the value of the analytic continuation in (a) forz= 3 ~4i. a 
6.111 Prove that the series z!! + 2244 2! 4... has the natural boundary [1 = 1, - ᾿ ΙΝ 
᾿ ‘9 
eA 
' Oy 
MISCELLANEOUS PROBLEMS : Ke 7 
F εἰ ’ rR} . 
= { ᾿ ᾿ : 7 δ 
6.112 (a) Prove that δ᾽ --- diverges if the constant p = 1, , : iQ 
" 8 n : ἣν" 
᾿ qn! : ' ' . ᾿ fe 
(b) Prove that if p is corfiplex the, series in (a) converges if Re {p} > 1. ἫΝ ἣΣ 
(0) Investigate the convergence or. divergence%f the series in (a) if Re (ρ) = 1. | Ἔ, it 
6.113 Test for convergence or divergence; a. an ἐν 
oo φ ᾿ Η 3 | = ᾿ . 1 = Ἢ 
Ξ Jn ᾿ A+SiIn' nan: ‘ | 5 iva) 
a) ---- (b) =n {c) πίη (l/n") Be tit 
( anya Lin +(2—i) Σ ee σ i Ε 
2 pa bes + ἢ = iad ΕΝ iat Θ 
(d) 7 © (6) x coth™! » (ὃ > ne" oF i δ τ 
ἀπ, πίη π awl nw nie : 4 ἀπ 
, ae en - 
6.114 Euler presented the following argument to show that Sr = 0: “ ἰὴ “= 
: = 3 eo 
ert e tee Se αὐτὸς : We αι τἀν ᾿ Νὴ Ἢ — 
= | er gel τῆς ge ; a 
ar 
Then adding, δ᾽, ζ΄. = 0. Explain the fallacy, a: 5 
. a 
πα hed 
; 4 ' Ἢ 
| . (a=)? (1 -τὸὴὋόὄ (2-1) : ἐξ. 
6.115 Show that for |z- 1] <1, 2 πη 2 5 (5 1) + τῷ ΞΞ - Ὁ meee, Ie 
om : be2 ..2.3 354 . ἢ | 
_ 6.116: Expand ’sin® z in a Maclaurin series, δὴ 
: ᾿ 28 
2 2 2 ak 
: ‘ 4 Z ie 
6.117 Given the series 2° + : 7+ at i ἘΠῚ" ἢ 
[ξζ΄ (l#2°)"  (L+2°) ἢ 
(a) Show that the sim ofthe first n terms is δ, (2) = b+ 27 ΜΚ ¢ 2)", Ἧ 
(0) Show that the sum of the series is 1 + 2? forz# 0, and 0 fod z = 0; and hence-that z = 0 is a point ie 
of discontinuity, | δὴ 
(0) Show that the series is not uniformly convergent in the region |z| = d where δ» 0, us 
- ; Ἢ" 
6.118 If F(z) = re) - : 2" find a Laurent series of F(z) about z = 1 convergent for $<|z-1f<l. i 
z~l)(z= ες Ne 
6.119 LetG(z) = (tan™ z)/2*, (a) Expand G(z) In a Laurent seriés. (b) Determine the region of convergence of ἢ πε 
the series in (a). (ς) Evaluate φ, G(z) dz where Ὁ is a square with vertices at 2 + 2i, ~2 + 2i. ᾿ : a 
. ‘ . e fi >) 
6.120 For each of the functions zee (sin? z)/z,. 1ζ(ά =z) which have Singularities at z = 0: (a) give a Laurent ἢ ry 
expansion about z = 0 and determine the region of convergence; (Ὁ) state in each cdse whether z = 0 is Ἧ 5 
a removable'singulaniry, essential singularity οἵ. ἃ pole; (c) evaluate the integral of the function about Ἢ a 
the circle [ζ| = 2. | ἢ = 
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6.144 Prove that the solution of z= a+ e', which has the value ἃ when {= 0, is given by pee : 2 ; | 
Sea: In (1 τ 2) 1) 4 Ll 
‘ ᾿ ze ΠΝ ὦ : ye (a) ————=7- {Ἐ-2 + l+—-+= aiid [2 «! ν Ie 
| ze a+y-— τ L+2 2 2 3 . ᾿ 
ἷ i |g] <fete * 9), ᾿ . ares {\22° 1 1)\22' 3 ἯΙ 
ες ἢ ἐλ "αν ᾿ ͵ es ase ηξξ εἶ al Le [ae] τε ae jn, el ai 
oie (b) (In (1 + 2)} . } 
6.148 Find the sui of the series 1 +tos @+ <S τ i— aa | aac a oa ἯΙ 
ΝΎ A. 2! 3} oa . 6.159 Find the sum of the following series if |a[ < 1: . yes it 
6.146 Let F(z) be analytic in the finite plane and suppose that F(z) has period 277, i.e. F(z + 27) = F(z) ἜΝ ᾿ ᾿ Ϊ 
Prove that : ; ' ' ΝΕΙ͂Ν - . Ὁ 2 ας τὰ : af 
“ : a (a) δ᾽, πα" sinng, (b) na" sin nd : i 
Ἢ ; ᾿ 1 pa pis aya Ξ ; awl ποις αἱ qu 
Fi2)= >) ae wh ‘aye ζω ᾽ 
. Fas né. ere a, = In lo F(z) ew? dz ΤΩΣ ἈΠ ἢ ἷ ‘ 7 i 
: ΗΔ. ὦ rs Pes hia - : 2° z z : , ᾿ . $ 
a 2 , 4 ἐν Ἦν : W te + Oe ee <x, ἢ ἢ ἢ 
The series is called the Fourier series for F(z). Ae eis eel — 2 8. 15. " i er ee i 
(,147 Prove that the sees fy ta “2! a. ἢ ἯΙ 
an a. Meee 6.161 (a) Show that e t= δ᾽ ὅς converges for |z| s 1." ¢ ? Ἡ 
4 | sin O+ 4 sin 30+ tsinSO+.. . a ? (a) 22 ων el . ; ‘ 4 {ἢ 
τς : ‘ By ae { ἘΣ ' - ! ! τ 7 ἐν 
is equal to ma if ue A<.z, and to --πίά if-1<.0< 0. Beet: (Ὁ). Show that the function F(z), defined as the collection of all possible analytic continuations of the “_ Ϊ 
; " ht os on ; a series in (a), has a singular point at z = 1, Aq 
6.148 Prove that |z] = 1 isa natural boundary for the series ae. : (c) Reconcile the results of (a) and (Ὁ), " ΝΣ 
" : "πὸ ‘ ps 3 rs : ; ‘ ν ᾿ 
6.149 If f(z) is analytic i τον: ᾿ : . Bae = Ἧς — : : ; ets che 
ae f(z) is analytic and not identically zero In the region 0:< {z = a] < R, and suppose rae f(z) = 0. Prove ay 6.162 Let by a,z” converge inside a clrele of convergence or radius αὶ, There is a theorem which states that i 
that there, exists ὦ itive j 2 wae ; , es pet ας , ! ; ἜΝ ἜΜ τ ἡ 
es eas lia integer n such that f(z) = (2 = 29)" 2(z) wHere g(z) % analytic at 2 and ae ΐ the function F(z) defined by the collection of all possible continuations of this sees, has at least one , ἢ 
| eos ὁ © : ἢ ; ae singular point on the circle of convergence, (a) Illustrate the theorem by several examples. (Ὁ) Can hi 
. 2 ἡ , ᾿ eee: . : ὃ 16 
6.150 If f(z) is analytic in a deleted neighbourhood of ζ and lim | f(z)] = 09, prove that 2 =z ἷς a sale ca » you prove the theorem? ᾿ ' : i 
of ft) . a : BH; 6163 Show that : ἢ 
151. Explain wh} Peoblem 6, : 2 τ . ἜΝ i 
151 Explain why Problem 6,150 does not hold for /(x) = eli? where x is real . Θαπ σπτ - - ᾿ Ϊ a ὙΠ - -  ς ἫΝ 
6.152 (a) Show’ thpt the functi Ve , : ier: ae u(r, = 2x 40 R*? ~2rR cos( +r? ist 
eee ae ncuon f(x) = e'-can assume any Value except zero. ' Seer -2rR cos(@- ¢) +r a 
(b) Discuss the relationship of the result of (8) to the Casorati-Weiersirass theorem and Picard’s 2 % < r i i 
6.183 (: ee ὙΝῊ = ae : = a + ye —| {a,cosn@ +5, sin nd) { 
.155 (a) Determine whether the function 9 (2) = ζῇ - 3z + 2 can assume any complex value, ἘΝ ἢ ὭΣ iA 
(b) : a any relationship of the result in (a) to the theorems of Casorati~Weierstrass and Picard? “ἢ mn | ἢ 
Xplain, Guat 12 ' 4 
. ; ἜΗΝ tn ] 2a ; i 
0,184 Prove the Casorati- Weierstrass theorem stated on Page 6.8, (cdint. Use the fact that if z = ais an Ae an = a CO) COSMO όφι: ages sit UCP) sin np ag i 
essential singulanty of f(z), then it is also an essential singularity, of 1/{ f(t) = A}.) en tg : | [7 
0.155 (a) Prove thal along any ray through z = Q, |z + εἰ ~ 09, | AG ae Re ͵ 
6,56 ᾿ "τ result in (a) contradict the Casorati-Weierstrass theorem? | a 6,164. Let --ῦ rie Yea 4 
whe 1} “ιν that. I i , AAS ο΄ - } t gf 
ἢ ᾿ i i τοὶ εν ὦ ἐμὰ f(z) can assume any value.whatsoever, with perhaps one-exception, ΠΝ | | i 
mer sie τῇ ὃ result of (a) by considering f(z) = δὶ and stating the exception in this case, i ὃς (a) Show that the numbers 8,, called the Bernoulli numbers, satisfy the recursion formula (8 * ])"= ; 
(.[57 a ae relationship of the result to the Casorati-Weierstrass and Picard theorems? ae 8” where Bt is formally replaced by 8, after-expanding, ὦ Es 
fs Ae Mut every entire function has a singularity at infinity. What type of singularity must this be? Ὁ al (ΟΣ Using (2) or otherwise, determine By, wa Bg | | Ἶ 
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6,127 Not uniformly convergent in any region which includes z = 0; uniformly convergent'in a region |z| = 


ὦ where dis any positive number. 


6.138 (a) entire, (b) meromorphic, (c) entire, (4) entire, (6) neither, (f): meromorphic, (g) entire, 


“(h) neither f 
f 1.2.2 2) Bor , ; i 
6.140 (a) ~ b= —— + ἘΞ .-.... (ENN lel «} ᾿ ; ἢ 
NS a  ἰΝ μονν . | ει ἢ 
6.145 ει %cos (sin Θ᾽ on . . ἢ 
. aes τι ᾿ Ἢ 
6.164.) By =~}. By = 5-84 50, 8ὲ =~ 35,85 = 0,85 πὶ τς oe. _ The Residue en 
: Ξ ; ᾿ 4 Rae δ f . ἣ Ἢ 
ν Ns Sa Th d A li oe ἧ 
ae | eorem an pp ications Ἐν ἢ} 
' | | ve ᾿ς | re 
' Se | ᾿ ι Ἔν a 
. Hae RESIDUES : ὦ ὅς ΠΤ ἢ 
μευ f(z) θὲ single-valued and analytic Inside and on ἃ circle C except at the pointz=achosenasthecenterof τος ἥ 
5 C. Then, as we have scen in Chapter 6, f(z) has a Laurent series about z= a given by or ae Ἶ 
re) = ὴ ae β 
| ae ie Σ oe | β ιν. ; 
aes a, oe gi 
ee a = a) +a,(z-a) + δ 5 -- α)λ tet ρον ; i 
ie 3 7 {τα (2-4)! iN 
att fom Ι ἯΙ 
aa ἐπὶ : [4 4 
ἊΣ αν hg ay ἀτοιει, δὶς 
ay 2πὶ ᾿ς (ς --α) | ἷ 
: ) 6 ΓΕ In the special case πὶ = ~1, we have from (7.2) ἢ 
| | aio ' Ἷ 
᾿ - Ἔξ ᾿ i: if 
| | o OS®) de = 2a, ΐ 
: Ὶ ἐς ἮΝ ᾿ it 
“ ae Formally, we can obtain (7.3) from (7.1) by integrating term by term and using the results (Ὁ ἐν a 
weet = and 4:22) | , τ 
: Ε Ah 1 ; . Vee 
' i Wa φ dz 2m ps} i 
ATA =) 
ae C(z~a)? Ὁ psinteger πὶ i} 
F Bit ( 
a ἢ Because of the fact that-(7.3) involves only the coefficent a. in (7.1), we call a. the residugls | 
᾿ irs : K 
EG H 
Lo mgr CALCULATION OF RESIDUES : ii 
ye 6 4h 
. Bs at x 
aes - To obtain the residue of a function f(z) at z= a, it may appear from (7.1) that the Laurent ¢ he 
ΠΥ my about Z = a must be obtained, However, | in the case where ς αὶ a is a pole of order ἐν there i is Ϊ 
4 ° 1 at for a. given by ἥ 
« Ν ‘8 i t ὲ κι fis: ke] ‘ ἢ 
OMe ἃ I ἃ k 
; , ἀπ |: ι, = lim —— - -ἰ|( - αὐ" f(z f 
7 | i ὃ wa (k = 1)1 dz*-! { F(a) 7 , ᾿ 
' 4 ἣν ᾿ a ᾿ i 
1 ᾿ Ἢ ᾿ Φ a ΐ 
: , τι ᾿ “ὁ ; i 
Se rang if 
ay " Ἢ ΐ 
᾿ ᾿ . wi * at i 
iki head We ea eaten a ON Ne Mas tay PARAS TIVE ΣΟ 78M: a BIE Wb 1 ETE pO νν ν᾿ SATE. “iF BIA ¢ PoP SE ita hep vie _ 
ἊΣ εἰ hs yr es ΧΕ Pee en Ne Sea χεὸ ara τ : APSR τῆ; aN ARS λα τατον; WUkeie Pia” Week eA a κ eee TEE es BE att es MENSA NANT ey CO ORION Ee seed a. AT! εξ δικήν Dea fa Seagulls RP AR GANS Ae sR d tek eacea oc ἘΣ ee 


qi 


mo. Gate be 


ΕΟ, 


ie ere ea et τ ΤΕ ἜΘΕΙ. 
υ 
* , 
8 a ? : 
r ate ἢ ᾽ 
er z hye Vg ie SLU HY ἐπὶ 7 
᾿ μ “4 ft 7 aN 779, n rag ou ‘ 
Ξῷ ie: Non As hs 3 4 Τὰ ἽΝ τὰ ἮΝ ae . ot 4, 4 : ‘ 
AN tae as ord ve Petes bie ΔΤ ΠΌΤ ἜΡΡΕΙ μάτι Drondigss πως femal tebe Mahe: ΠΑ RPO IE UUW Is os δάσια, eh Ow hm; 5 ee ερὐδοενκδλλ 
᾿ : ae oe 
ee ρῆύΦβαψχΤσπςππ  - τ -- --“-Ξ-Ξ a 
5 =eray , ἡ 7] " aad * 4 
, i ΄ Pad " ἡ 
| ee ; 
1 ες -" 4 x 
. 7 «΄ ‘4 ; 
4 : sie ὦ 
‘ .Ξ ᾿ -Ὁ .} 
. "ἢ . FY ve if 1 Ν 
: ' 


. 
ow 
on δι δὴ 


ἊΣ 


΄ 
[οὶ 
του 


‘ 


- 


ITO 


τευ ee Ro 
5.4... ae 


lta ao 


2 ey ol 


//t.me/upsc_pdf 


https 


_ 


“-τ-:- 
χω ῖν 


eo hen eae 


a 


πᾶτε: 723 -.».-- 


es 


Oe ar ae 


REA 


com 


df. 
SP Se 
an ale eee ae 


Near 


ΟἹ 


ο- 


//upsep 


ttps 


h 


τ. 
os, 


Oe 


ie td 
ot δ“ 


i 


wr See ty 
Ξ πιο τιν σι ἐπα τ π eae ated 


ἊΣ 


ee δ᾿ 
pats > WZ, 


πον σαὶ 
pan 


ee tee — 


on 


ΣΡ ΕΣ: 


Nt 


//t.me/upse_pdf 


εν 


https 


PS ee 


Sn oe 


— 
-ςἙἑ 
ἊΣ 


= τα e-aren on nd 
-Ξ κως ne aa 
Ay 
rope mh, 


7 Ses ΠΣ 
: - = : | Bl 
‘ - ἢ 
7 Ὺ Ι Ἢ 
i : i " ΞῚ 
UTES CMRREAN ENT ag sheets dA TS SERRE ~ ἢ 
EGS HU ities ἘΝ αὐ OLA PIO TOROS CATR tT Ξ Ἷ 
ats acs : Ὁ τ ‘3 
Sete anne lanes’ age GY eae hae, MEME 14 ghd ‘ 3 He 
TT TTT eReMeFAR TTT τὰ ἘΝ Ὁ ΡῈ , Ξ ‘4 
PTR EER he OS oo tN 
a ' ' . OR 
‘ YAU 3 ‘ ' =. ἢ 
a : zi 
. “ a‘ ῇ ῦ ‘yO 1 ' ‘ * i 
ν Ἂ ὍΤ᾽ ἐπε ἰ SWa[qolg da9 'χρ(χ) ai 9) ΠΙδΔ9. ΟἹ pase dq UND sity ‘wONoUAY . : 
: ze ᾿ ‘ sfoyey a ἢ ΔΌΞΗΣ Δ 2} IQs δὴ 
‘ HRS. υϑλοῦυῦ SI (Y)y J] ‘oo ἐ- δ᾽ 9098}. “(Z'L Bly] Joaweip se SUIT SIM δι δὰ sixe χ 9} AAC 5 94 LOWS A 
ar ee 4 ὃ dapisuo ΩΝ 
᾿-4}Ξ.90}- ᾿ ΠΟ). 8) PUR + οἱ αὶ τ wor φίχῃ x φᾷ BuOTe MUI ANI JO δυβοδυοο Ὁ snowuod w δυο] Zp (2), “ip sapisuoD  & 
cae τς at | ‘woRduny [euonied ε sy (xy SuBy Ἄρα) [1 δ 
2 ἐδ a aa. 
: ay = 2 99UIS ‘gp a == [ ue ἢ ie ‘sonoesd UL YOWWOD. sow ae sodA) le ᾽ν 
ϑΡ,ῳ 9 } = 2p gy Uday = grag. 2p ' See : 80! 1018 ayinbos Lew Yd|yas Jo s910Y9 a4) "2. snojUOD Jo Yied pasoja aiqeins x pur (2)/ uonsun | d 
A 2 SUL ‘Arinussul ye al hia δώ en wiedr ΟΠ. Jo uonenjnad ay) | ᾿ 
‘ ὅν. ay a ὃ- Ὁ val ze ey 30 ie SIQBIINS B ἸΏ ΑΝ Jay19301 WaVOaY) oNpIses σῇ Bursa <q PEASY UdIJO- st 56.139) 1 suUlyap, sae aie ; [ ‘ 
β 2 = 2p τας [ = 2p(2 ary ὅπ | ; ΐ 
on f tae SY! ey! ἈΕῚ als ΒΊΨΗΘΞΙΝΙ SLINIS3G JO NOILYNIVAS PR 
τ. ὯΝ ᾿ : ’ : . ‘ ᾿ ἦν 
‘ Δ} soy ‘(2 = y= (2)f2 0 ΜΝ, . ' see: Ἢ , 
| ; 9» Sa feat " a ΟΣ} .-. & ie ; (16°Z Wa[qoig 99s) Wasoay) SIU) JO 59580 seinads pO : 
' Mon’ ifm 9 D ‘ i! 
aes oe a ᾿ SIV ΘΕΙΠαΠΟ) Jesu! puw wesoay s,AYoneD “(¢°Z) JO υοῃρῃυουοῇ ἢ 
" = (γ τ} Wy “y= 0 wi sours yoog Bled ἡ SE.CC°L) YU) BION 'D Aq pasojous senueinguis oy) re. (2) jo 5 
. 5. 02 δι 890 Ξ [ ( iL: ‘ Ney δε 3 sory % , ΞΕ ; 
= ἬΝ ΘΌΣΚ, i a ἡ δυῶν 1 See Senp{sey OY) JO wins au) sown wz si > punose (2) Jo jes JW) 9} "91 ͵ Ξ ὶ 
δι ιγ (0 =) 1S" (2 MAY Met Slee. aa ᾿ ι ' oO i 
ΠΟ! x20|9-nUe Ut αὶ ων μὰ ea - ᾿ ᾿ “sy tyaload Brey (ἰὼ (#04 9 + Το) = ap (2)f Φ : Ξ i 
"a 7 " : 170 9019}]  ὐϑιο88}. τὰν a : ᾿" ] i ; μι 
yo 9 QPP ὯΝ 11 Ὑ τ Β] 31949 aM jo" 59 5: οι AM 2q gy 177 :Ἰυϑιμογεὶς | | | ae ‘ | ee ee eee ey, 7 
ee nee Jo2 Yowoudde 2p (24 wy? { τ πς cs The “Big 995) "Ὁ 9 "τὴ kq eats sanpisos : = 
1] sodA jo 950) Se. yons spes8ajur Sunenies 0] Rei Pesojd oidwis & Yo pue apisuy ondjeue pug panjra-a/8uis aq (2.91 ἢ ἜΣ: 
ie tp (2). Ἵ WY) MOYS ΟἹ Alessooau 09}}0 S! 11 ‘Boge ¢ PUL] 5561} . : rt Lt . _ | ᾿ ΒΝ 
EN, Qe de Ores . page W3YO3SHLSNGISSYSHL ἡ 8 = ἢ 
| SHL WWIOSdS . ge: "WS. ae ἢ ck 
STVHOSIN! ONILVATWAR NI G3SN-SW3YO3! aa | | | 
Sem ἜΘ. : Od : a 
τ ; tte "τ sjonba pun 27 fo {μ|2|9 2909 ayy 5.210 anpisad ays 101} aas am yoryas ui , ty 
O1d 29g ‘sINOVWOD τα] πομτεὰ BurAfoAU! spearu{ snoaueljaosiyy. Ἢ τ _ {τ ΠΡ ΗΘ pun ἂν} fo 1μϑ) 2,690. διμ. 5} 9 τ 10 anp | : ἷ i . ἢ 
5 ἐπε ὁ MBAR τὸς, _ ‘ULC L SuIBIQord. : _ ae rn a 
: . 3 ' τὰ ; ΤΥ ee ee fp ee ee | i\~ : De ‘ ial 
; 2y “MD Jepisuos om ‘ajay | ΕΠ] : oe Κ ee 
ϑος 1 9641 ul sey se InOUOS aes OY) $1 Ὁ 99 2p Way b PY sates ἢ ΠΡ . , puifan ψ|-- πὸ ἢ ἢ 
Πὰν | ε ; {gern ΞῈ eee , 5" ᾿ς 5: 1 98) adit f ἘΣ 
* ‘uonsuny [πυσῃ 6. Ὁ st (x)y aayM ‘xp χὰ 502 ΩΣ ἐς HLM 42 40f uolsundya umouy oy) τωρ pun Qyojpnsujs pouuassa uo sy OF CUI 9 = (2 24 adwex3 eo i 
1 , 5 ᾿ We “ , ᾿ ” . : 1 7 ω : “ i. ue 
' “O?' L=pl'L swealqoig Εἰ ‘Suo}suDdya sawas umouy duisn Cy punof aq SIUMIOUIOS UDI anpisas δ) ‘Asojnsuls yonuassa un 51D = "ἢ i Ἢ 
! . 2 Zo7u1 i ‘ a ᾿ . " ᾿ (᾿ Κι} 
| | inba 51 jesdaqut P as pa ti nt 
[Οἱ ‘3ig) υμᾶμο 9} 18 save ῃμ a}osto yun ayn st Ὁ ϑιοιμα 2p (2)4 “ᾧ oF Ἰυοδα!πδο 5}} oe foes ee) ΠΣ 81 pee 2 10 anpisay | d i 
995 ‘{e'L 313] urs Pea near ye 2) 29 uls ὕ511,., 2 #2177 Fag rae ze Pl | I : i 
_ 2+7%)=9 $00 "τ ἃ -ἢ)Ξϑ ul mes. 0 ΝΑ eee ᾿ ᾿ ; ᾿ . ἢ : ti 
2. 2) = JOgp 9} = 2p pur Zi(,- . .2-ὉΠῸ : 72: Puss τα Al Ὁ 2}{] - 2) jw? iy PG 
UaAIS 941. 2) Ρ hi seus vonounj jeuones 8 5|.{9 809 Ὁ 15} aim ‘gpg S09 9:0] aa ζ pea ΔῈ ες Ὁ (1 2)uny sy; = 210 anpisay ἢ wy 
9 @ Ul : AT εἰ ' - Ἢ A 
ey: | pas rn ee 
Te ΠΗ͂Ι | ‘ ὃ ᾿ “a . @ = 7 Yi (ς΄ 2) pun (9' ) ney OM ΐ eS 4 
ei NS ΤΩΝ Nyaanoadsaa ‘ony pun aug S4apio [0 sajod ado f= = 2 PUD Ξ ἃ δῳ} A] + UN] ~ 22 = (2}f Ve ojdwex3 Ἶ a i 
Rack Sind = yy : : : i Oo Be 
ae , ΝΞ ‘T= 0 Ouyop om J} T= WIM (6°Z) Jo oases [vioads, 5 SPYDtuay ἐ = Ἔ 
a ΤῊΝ ἷ “ὦ ᾿ς ᾿ —~ = 
ΕΣ (9-1) Ci a) ra ay ἘΞ 
ες ΤῈ ; ᾿ ; ah 
ΟΣ eres : ae ς ΩΝ i 
Ree a Aq υϑλι8 st pue odwuys Atrersadse S}IINSS1 ayy Vay ‘(ajod oycluuuis) | = | ς. ἢ = 
pein Lag ΝΣ τ νὰ ἢ ἰδ 
: “ys Ba”. ' : ise 
-’σ᾽᾿πτπτττ----πππας------ εὐ a oe 
75 νν- an IY ‘ =< τ : . 
, eS ΠΣ a : ag as 4 ' 
i ray ἊΣ : f = ᾿ ᾿ < ᾿ 5 ἡ "ἃ oie ie aed ra 7“ 
os | ie - ; ᾿ ᾿ ; , ° : ᾿ . μα ᾿ δῶ θὰ ; “πε απ EEE DEDEDE μὲ νει ον αν te neee " , 
Ἂ . : “ A te ὐ στ τῶν — oe 
' δὲν ae tees eure epee ROLE LAE TNO I ere ares ae . ᾿ ΝΕ 
rugyas 8, tNa% ὑῶν ae ee « 
: ones meg κα Ets Ξ ggg 28 


t " , ‘ ν - 
? & 8 ; a 7 
i " | ὍΝ, a Ἢ ᾿ Ἶ 2 ol ‘7 ™ ™ : ae site aaa a wy om ni Path. we ee Ran AS ae. ore qin me τὶ ao ae ares “A ἢ ᾿ 
SIE ON TEL EERE AIRES SeEER OUT MAR a TTS SSI atts sede ate ace titn Fierolige Ramen: δὴν υρυύξε, ements, sm νὴ, νὰ urs, Fiat bef o ee eee “ἢ: wach γον εἶ ρον Kg ghaaniic mans) Vemma perm nares, ἀρ eas gprs, Sues ner 
¢ eS  Ξ ΞΞΞῚ : τ ὦ 
᾿ 1 ‘ 7 é ᾿ af 
P ᾿ 1 Ξ ' ; ‘ ἐν .«ι αὐ. ; 
Complex Vanables The Residue Theorem and Applications ae ' 
—eo.ooOoceeereeeeeeeeeee  ἷΠἷΠΠΠΠΠΠΠὅὖΠ΄΄΄ἷἽἷἷὃὃ  ῪῪϑ θ᾽ i 
. . ; ‘ : ; . ; 
wi : THE CAUCHY PRINCIPAL VALUE OF INTEGRALS ς 
ὡὼ J L(addz = ἰ(8- ak + J τῷ ae Ἂν ." ‘ if: d €5 are positive, we * 
AB Ba ὦ If F(x) is continuous iia SxS ὃ except at a point xp such that a < x < δ, then if €, and €, are po: . 
0 Sad Δ Kz) ' define . ; 
j J eee) J ae b ron 6b : 
: | , 7 F(x)de= lim 4f °°" F(adde t+ fo F(a)dry. | 
AB ϑ Ag [ ( ) 40 a ( ig+ty | 
£2,290 | . ; 


mz) 


ζ 


| | f{(2az -i(B- a)k{ =| | 


AR AB 


< ἐ τε 41, Since [η{2}} « € 
ABI" | 
a 
< εἶ ZRde, since Jel = R, {de| = RAB 
2 


᾿ἐ[49- ε(9 - αἡ + 0 85 ε -Ὁ Ὁ δα ξ -Ὁ Ὁ ἃς ἢ τῷ οὐ 
a | 


“Tim 
Rebus 


4 


Thus, when R ~ 0, δ - Oand so we have Lim. f Slddz - 1B - ak Ξ οἵ 


Theorem 7.2 
e'™ f(2)dz τ 0,(m > 0) 

Cr oes | 

where Cp denotes the semi-circle [1] = R, ΚΖ)» 0. 


Proof: Here ἢ is large and can be nade larger so as to include within it all the sineularj 
boundary. “a 7 


lim . 


R-ra=0 


1 
ao 


* 


Li 


᾿ 


Ce 


Since Κῶ =0 “. (f(z) « efor z on the large cirele, 


Now, 


εἷς 1(2)dz|s Ϊ [ἢ] (2) {4 6ς δ | le'"*|| dz}since| f(z)|<¢ 
Ce, Ca 


a 
i Re ' . . F ᾿ . . 
e{| em cosaeiksing) 1) Rel 49] since z= Rei? 


‘ 5 
εἰ πο 9». 9 
0 


“ἢ . 
Ϊ @ Asin 
0 . 


-πῇὶ 


= 228 


πῇ 
"d@s 2ER [ e946, by Jordan's inequality 
0 


"E, 
= (ee 


A ) which τὸ Owhen R + eo ande 0 


Hence;- 


iuigigeari aera coma 
LAS 


4 


TAT PT pee NEE Ee 
re, 


ΣΝ 


a teh Δ, 
ΝΣ : 4 


i Peay es LAH wails DETR le ΣΉ αι he 
. . . . . « ο 3 ' “. wr . 


τ ἂν εν “dat den en i ον τῷ ᾿ς, ee ee δ. ae ee Rt ee ee ee 2 


if f(z) - 0 unitormly as [2] τοῦ. θα, and f(z) is meromorphic In upper half plane, then 


125 eA υνληζοε 


a ee ae ee ἃν a ee ee ee ee ὦ 


Bee a: ne zy, | 

pe Sek - Ξε τὶ εἰ, F(x)dx Ὁ Ὲ : 

frei 39 : Ι, ae pa " ἐν μὰ 'Ψ (2) : ἊΝ. 

τὰ x τῇ Cauchy principal value of the integral on the left. | = 2 

i dx {eon ἀκ" ¢f dx “a l l τ 

eee — —p=lini-—-a , : 
Example 7.3 ot x3 ἀπὸ " χ᾽ a χ᾽ «0; ef. 2e? | does ποι exist. However, the Cauchy “". 

a 2" : : 


f(2)dz2 «-- ἰ(β π a). 


des and none on its 


Se 
ee ie 


Gee 


: 


In some cases, the above limit does not exist for εἰ τὰ €, but, ist if we take εἰ Ξε = €. In such cusc, 


we call 


δ 
“ ee 


| : ἢ : 
principal value with εἰ = €, = € does exist and equals zero. " ͵ 


-OIFFERENTIATION UNDER THE INTEGRAL SING, LEIBNIT2'S RULE . 


A useful method for evaluating integrals employs Leibniz's rule for differentiation under the integral ‘sign: 
This rule states that | ; 


νυν 
᾿ 
“ 


date . 
The rule is valid if a and b are constants, a is a real parameter such that @ S α 5 a where Οἱ and GQ are 


_ a constams, and F(x, @) is continuous and has a-continuous partial derivative with respect to a fora Sx 5 ὁ, 
᾿ ἮΝ a, $ aS αὉ. It-can be extended to cases where the limits a and ὁ are infinite or dependent on & 
RES 


Fab me §- 


ν᾿ 


Lee 


χρλδὶ ee 
RESP PT 


ἴων 


Se eR Ee 


ae 


piyh' “απ δὶ πα Aee Ν 
ΔῚΣ δια. τ᾿ ἐλ πλ Δι 


al 


a 
ae 
τ 


pear 


BO et Pye 
᾿ SAE: 


ae alae 


— 


J 


Rey 
ad 


rr = 
κυ aE ar 


2 


" 


~ 1 
‘ op 


σ--.-.., 


. 
wor 
ae 


————ew ἢ 


ι Ὶ 


‘ a Pre Sher So Pe oi 


Pr 


OE a a ee re ee ee cee Oe κἀκ 
ποτ eine ete a Qe Stet: 


ΠΥ Le oe OT we) 


a Si ahaa ὅπ τἀ πὰ 2 wae αὐ = 


“atom? 


ν᾿. 
ἢ 


“ὦἹγ᾽ 


ap hatha Ὅν th, φφὶ mal, κι 
ταν τον A ον 
CITA ES me 


raw 
NS hk 
RSE AA 


oy Np ie 
os 


NEMS 


CST ee 


Ἐς ata ne tb 


ae, 
aa 


--.-.-.- --- «.-..... ee “ἡ 
- 


—: 


ΚΣ ΚΝ “Ὁ 


eS a eee υτοννσι 


PN 
ἦν αἰ es oy 


wave, 
Eww la hee a. 


~ ΡῚ 
sat 


το 


ee Ne ee 


Le ee 
ee, 


ve 


WYER 
one eee 


See πο 


SAA, 


> 


Ν᾿ κα ως ὦ 
ταν: Pee 


I Ἢ 


πο Σὰ a 


Po ue 


SIAN τ] 
΄ 


“κε 


ἄν: 


τ 


=F ee 
alert τι 


Fane Ty teem ae 


“τσ -- 


π-σως-- 
Stel ee 


oe ee ee 
Ne OTE 


ee παν" 


https 


//t.me/ upse_pdf 


com 


https 


ΣΕΥ, 
᾽ 
tal ἢ καὶ 
eee 
Pra oe ee 
4ε) δι 
ett 
Parts 


| -https 


I ee er oe 
a τῷ een πο 


INE SA NA τον στον 


rdf. 


//upsep 


//t.me/upse_pdf_ 


Moorssroess 


΄ 


anes 
Ὡς 


: 
VOT FA ζεσςς 


- 


Piaf καὶ 
με»; 


LTR) 
: 


A 


eed 


ir ΞΕ eerserep ee 


oa tad 


be τὰ 


2: 


Ἢ 
wr 


SEER 


rn 
πεν UE eV Am A 


~, 


—_—= 
τ 


- 


ποιβευ νι 


“πο 


a Se ON πέστε ὦ 


- 
λα es κτιὦᾶ 


πα όχ NT Κ΄. πο: “πο 
> τ» "τ. = ef Ao Ao ἃ. 
RAE SES σὸν “ἋΣ 


a ee ae} 
ia ae ὑσκλὶ 


πο A rae ce 


πω 
i 


FEIGS 
err 


στρ στ ty a δ. ΒΨ 
Β ΠΤ, ἀρ ἐμ 
ta δασῶν τόν ἐ ἀεὶ ταν tae ek 


ea ΗΝ . MiG "4" AP aye : vo, bee te Pe eae eetht my 
} “4 ΡΣ ΤΩΝ ods, WAP) Atty athe : Ene Retr at x} Fae tay 


ἐν " ‘ _—e 
; ῦ-- -ν(Ὁ -- 2) μί -- 2) δι 
(1) πε {2 yg (2 = 2)'0 + 9D + atts "τς ἐπὴν: = (2)f 
_ ° i ° Sie gee Ὁ πὰ ype og mae ον » "Ὁ 
4 : = -ττ--Σ - OD— = - 2)! - 0} Ὁ 
xt (2)/ JO suas Ἰυ9Π91 910 Udy) μι Japso jo Ὁ ajod πὶ sey (2 asoddng “1 μον}. | a ὮΣΙ poe θα βοὴν < =) 
᾿ 2p i([ — uw) oe? “aes Ὁ opisul Ὁ Wwiod d . ae Wa 
aut? I= τ᾿ , See “Ὁ: Ἐ Ι “Ni yas ὶ 
([)}..(--2}} - iM : wry = Io | es [06 IE Ἰῶώϑοχϑ D SAIND pasojo a[dusis 8 UO puL ap]sul SNATeUR aq (TY 0 ("2 ft 
ἌΣ. 3 S oe : | i 
, | Aq uoald.s] ye (2)f Jo onpisal op γ 6. ae | WABOSHL SNGISSY SHL ONY S3ngisay ' 
DALY 2), APIS NE JapsO JO Ὁ 9106 v It Ἰάϑοχϑ᾿ D AiNd pesoyo 9] 60}15 8 UO PUB apIsu! onfqeur aq (1951 ey ὁ a STensoe dshnos 
3 {{{π|ὰ PUL ZIT'L SWaiqolg 908) 5001891 paroouuod-Ajdiynw ΟἹ pue pid ahi Staite ἢ 
YOULIBINGULS parejos AUBLU ΑἸ }Π} 01 YL δυο 9. ΟἹ PapUalxe aq UBS ΝΟ Sarye[nguls Jo Jaquuinu: | oe ; . ei ΝΞ | 
aituly 5. SUP wIUOS SUdIBed ροϊοουυοϑ- ΑἸ δώ! 20} Was0dy) SnpIsos 90) saysiyquisa 9298 Π9λ18 joasd ayy, ed ᾿ τως yt, Pla a ΜΒ Pe sais ae Ϊ 
‘ =? ΤΣ . . ΚΑ hy | 7 I 1 I — t i! 
| ee re | a : : 
rE JOS) AG SD eg ae 2p GM 9 . i “if | αἰ) ει} (tare) + 2. (em) + 22 | : ; 
: ῬΘΙΠΌΟΣ se ᾿ΘΑΒῸ om "(7) pue (1) Wor 098, Py “a { at ἰὰ ; 25 πὸ 8] ὁ ἢ 
: ᾿ Anna * ¥ ᾿ | 
- ee ee) ae 2 NS 2+ (2S) 424 (τιν 24 
(Z) “oye ep ᾧ quzex ash Mome=pas 9g - ee << : +i a -- ἮΝ ἐπ |¥ =2yoas Ὁ 
. % ‘ Ee ᾿ς ᾿ Ι ᾿ ; ἶ 
| " Ἢ We}qQord Aqing « δὴ ὧν 6+ geht 2 tt 2 2 | 
͵ τὰν δεν — + - — [27-— τ 2 yoso-: : 
(1) op 2p (2Yf °$ + 2p (2) OP + zp (7Y ᾧ = 2p (2f φ 3 apes { ἶ } : I 4 . ἊΝ ᾿ 
eet 6— 2 pm tm 2) 2 My 
ΛΒ am ‘Lp aded 'ξ'ν σοῦ Ag ‘siutod ἢ al ne Zh + + —|27+— =2309 ἵν i 
JOa]UT 918 "2 'g Ὃ QUIS BUOP 964 80 SIU] 'p'L ‘ly ἐμὴ Sac oa ᾿ ͵ | J ἥ 
Ul UMOYS SBD 9Ρ|50] ΑἸ95 009 ay }6}}}. ‘FD "2. "0. gAjouso tout . er ok (ties) : 1° - ἰὼ , εἶ πὶ (τὴν. Ca hy 
JorUysuge Apaanoodsas "96 Ὁ 15 ϑλυθο UA, * UO!IN]OS δ ] ee pak ; ἐζ τ ued "ὁ ἢ 
- = 2 Ὁ Aq pesojoua oS Pal ayy a a ᾿ "XE 
SONURINBUIS [Je 3B SANpisel OY) JO WHS 910 SAWN WZ) ὯΝ ee (u/s) +t y (C/E) τ ι(ζ.) " τς 
soa, re —_ ou - ἫΝ ¢ ee Y=29as τς i 
a t- ι- I~ ΕΒ 2 ἵ AG ᾿ es rf 
(τ Moe 9 Ὁ Mayme = 2 WL “> : : Mo- ρτ ey os τ. ἢ 
- “4 ‘ apes ζ ζ « = ae 
; vay *kypanadsal "9 “τῷ Ι + a 27 ΤΊ z2089 ‘1 - ἶ 
‘I-y aye sonpisal oy) Yorum v8 A-apisut- A's '¢ Ὁ τγυιϊοῦ = - 3 ἘΞ. 
ό ey ΜΕ 15. sf 
JO Jaquinu aul Ὁ 15 Waoxe:D amo pososd orduiis 8 uo . ον ἢ at δ 
pue opisul audyeue sf (2) J] "wavoay! wee ἵν aaoly τι ἊΝ SNOISNVdX3 TWiads aWOS ἢ 
'Ὃ τ 278 (2Y JO anpisas 58} "Ὁ 189 BAK ΝΣ ; . ; is 
Sed - : ; | ΟἿ 
ome? = 2p ὡγ "φ91 ὡρῷ)9 φ-τ΄ - τυ ° ἶ 
| - 7 + ᾧ. 
DUI} am *(B) JO HMSO aul Ul [- =u Jaf om Jy (4) a it 
Ὃ Jaideys JO Wasooy) 8 jusne7] 100} SAMOTJOF 5] (8) ; ἢ “-. i 
| “ yoynjog | | a: 
. : ar " ᾿ = fe 
ome πραγ > 5 : . i 
“os δ ; yy) 20d (4) ‘ : i 
- Ὃ = 2 NOQY 9095 09) Π81 BUIBJaauod ἡ Ο01 PopuRdKXd oq UO (27 9} a 
ΡΞ ΝΣ suoneaiddy pue walcey enpisay ay as i oe | 
πόνο ig cat ‘ Op terme ‘ Ἢ 
een μὰ ee ee se eMemrie ke Ringe Mate Taba πο δος ree ats ieeiieion toe sopennwsremerfesein ro vag any waienciet sear on see mete Metal ete Te Ἷς moet ἐδ στε ree cr Fas oes “τυ πε pO TNT UR rte eR Pe eye δὴ ὑφ pee «ον ἃ εἰ Baia στο ἡ aa bra tebnipe 6 ' τ᾿ τ ἀρ κε. ὦ δὲ κὴςνἥ 


er anes) 


te ., ,, εκ ων. 


fy * 


a ery 


Hac 


? 
Publ ὑμλελοῦν 


//t.me/ upsc_pdf 


https 


“τς πλάστου 
“- 


: / / ine /upse_pdf 


https: 
ees 


΄ 
—— 


ae τς 


ee et 


a 


A So ΤΥ ΤΗ͂ν σλτος 


ὩΣ ΒΘ oe 


We 


Pern 


του Ee ee 


ne ee, -- 
Rad ee μι τ ἀπ α νος 


δ: ὩΣ πτα,τ 
seks 


= 


com 
ων ᾿--» 


df. 


//upsep 


Ὁ ρα, δ) 


Ne τὰ 


https 


- 


RASA 


ae) 


Ee de taal 
an 


aS NT I 
"ες es τος ραν Ἄρυνν 


ro 


ey το ie ee 


ue! 


ΩΝ 
--»- 


ae, 


"πὸ σι σδ.» 


πὸ Pe er a 


— Ἢ 
aS 


SEER SIS OILS 
*~ 
ete et 


bale 


in mala 
ae a ee ee ρος 


= 


See 


=, 


Sar an 


> 
PITRE 
aes, 
ΤΑ κι 
΄΄ν»ν - 


Ὶ Ξ τ % 
I [1 t n aa 2 ' : ᾿ Cem 
1 ὁ 5 "3 
fe La he 4 . Fa ee Ε τς ᾿ . 2 
giants Veteas ae soe oe ΕΝ ΗΝ ΒΝ ον ἐν | mS 7 7 Ἢ ἬΝ ’ ' . 3 . ‘ A em ae ; Δ" : . ae. ΝΣ wey £ ey) “ : a tiny piney ee ἢ ae a. τῇ ee : a. 
᾿ FEIN ota OSS, Cade eid Ai Aba ν ἐδ μι τας, ea Mae ATER ΣΟΣ ΖΛ HES eA yee AUST tt Pre CECT Me SPITS TMA TELE Fors a enna ελυνωληδβην Shs dassaat ΚΥΥΊΆΨΕΝ iM tests Her εν, Δ μουμσκῖν, ἐδιενναίς, sana 1 whee; Ue OL wid 5 
“ὦ ae i j ie ᾿ iba oy , 
’ ; ' ἢ Ν “ς ΄ . 3 
᾿ t a . > Stes Ε Ἢ 4 ς-ς 
ἰ ὶ ' rt ana i > 
| Complex Variables The Residue Theorem and Applications ; ΤΙΝΙ “ἃ ᾿ F 
᾿ a : * “wie Σ β ἀπε 
: ; . . . " -": oe ἋΣ] Ν ea 
“Then multiplying both sides by (2 - a)", we have as using 1. Hospital's rule. In a similar manner, oF by replacing i by --ἰ in the-result, we can obtain uy ΄ 
ay" fly) -Ξ -" oye | ay residue αἱ z = -2i. H 
. (2 = α)" f(2) 5 Quy Ἐ Ooi ει (ξ τ α) Ἐν. ὁ αν (ZA! + dole -- A)” +o | (2), (Ὁ) fiz) τι εἰ esc? z = et/sin® z has double poles at z =0, £7,227, 0.10.75 mawhere m=O, εἰν 42.0. j 
‘This represents the Taylor series about z = α of the anal ytic function on the left. Differentiating both [ 
Ε ; ΜΝ Μη : ᾿ , ᾿ ΗΝ πὶ ; ᾿ 4 
sides mi πὸ | times with respect to z, we have Method 1. Residue atz a m71s , - ἢ 
ον ‘ . a Es td , εἰ  et{(z—ma)* sin z + 2(2 — ma)sinz ~2(2 -- mz)" COS 2) i 
d 7 ἢ ᾿ ee tim = =) (2 mf) 2 τ lim = tnd se iH 
| ad πὶ. ((z =a) fiz)) Ξ (σι -- [)} 6... + mm “αὶ 1) νὰν 2ag(z - a) +). γῆν sun [1 d2 sin’ Ζ Teme : sin’ Z ." τ 
ΝΝ ΝΕ ek : id ΄ ΠῚ =" 
: cog Pe ‘ os = te Jimi W 4 τ F aK 
Thus,'on letting 2-9 a, ; : pes Letting z-mreuorzsutmy, this, limit can be wniten ᾿ . fi 
mat , u? sinu + 2usin u ~ 2} cosu me | a μὲ Sinu + 2usinu—2u" cosu ἢ 
lim [(ς - a)" Az)} Ξ (αι - Ita ite <3. τ" πιο . ὌΝ "ἢ 
ΝΕ πρῆσαι ζ - 6.} ud - situ . . | we Sin” u | an ἢ 
from.which the required result follows. The limit in braces can be obtainéd using L' Hospital's tule, However, it is easier to first note that.» | ] 
Ἶ : ᾿ ᾿ ᾿ * ᾿ 2 F 3° 7 6 Ξ $4) 
Methud 2. The required result also follows directly from Taylor's theorem on noting that the lim -- = lim 8) =] ; ” Ἢ 
coefficient of (z - a)"~ ' in the expansion (2) is "οὐ οί uu. wO\SINU ee Vy Ξ 
ι απ ᾿ and thus write the limit as ; oe PS Ϊ = 
| : , ᾿ = a " 4 
αΞ ——~ ee (2-8) F(2)] sinu+2usinu-2u?cosu εὖ me We sinu + Qusinu 24? COSH πα - | 
᾿ (m=)! dz = ἐπ |) ————— τ ττοε ἐπ ᾿π|-΄-----ς---.- th a. 
ud μ“ sin” u ua μ τ αὶ a) 
: w 
Method 3, See Problem 5.37, Chapter 5, Page 5.21, using L’ Hospital's rule several times. In evaluating'this limit, we can instead use the setiesfexpansions = 
ἢ ' 2? ~22 ἢ sinus μ- 13S + ves COS U= ] ~ U4/2) + ‘ «ὦ fi , "Ὁ 
7.4 Find the residues of (a) fz) = ὙΠ and (0) Az) =e csc? z δι all its poles in the finite plane, de cae : =, | wn 
7 So (z2+1)°(2° +4) . Method 2. (using Laurent's series). 8 a. 
Solution (a) f(z) has a double pole at Σ Ξ --ἰ and simple poles z = 52], In this method, we expand f(z) = σὲ csc? z in a Laurent series about z = mand obtain the coefficient of | Ὥ 
Method 1. Residue atz τ -ἰ is 1/2 = mam) as the required residue. To make the calculation easier, lel z= Ν + mz, Then the function to .” ἰ oa 
| | be expanded in a Laurent series about u = 0 is eM**Y ose? (mm u) = 415 6" esc? u, Using the Maclaurin. | 
ἫΝ ἱ ν ἱ ivisi ᾿ ” ! 
eee ἐφ νοι. χ' --2ὲ ΠΥ (12 .. 4,22 - 2) —(2? —22)(22) 14 _expansions for 6" and sin u, we find using long division . τ & ! 
' Fi : ω-- Πρ " eo on vA 
" a ἘΠῚ ; esa 213} 2 ie 
Residue at ζ 3: 211s : ὯΝ 6" eM ὁποῦ Ξ , ' 
πὸ " ὅτ : i 
Wee , τῇ - δὲ «ἰ vs 
μῆνα - 20. = Ξ = : ; = a Ἂ Ai Hf 
ae (z+1)*(z— 2 z+2i)) (2+ Gi) 25 ἐτὺ ἢ 
: . ere ΠΕ ; 
Residue at 2 Ξ --2] 1s : : eR = ‘ i 
Ri a i 
τ᾽ -2 4+ 4i aot A 
jim {(2+2/) —— = __} = oe a aie ae | 
tei (z+1)°(z~ 20(ς + 21) (—2i « )Γ (δὴ. 25 aay and'so the residue is 2”, , ἢ ' 
; ᾿ " " ot, - * , gotgcothz , ΐ | 
Method 2, Residue atz = 2i is Ae 7.5 Find the residue of F(z) = 3 atz=, ( Ξ 
᾿ . 1 ; ᾿ ‘ ᾿ ἣν Η 
ἫΝ (z~ izi= 22)} ἢ πὶ 27-22, im = -2i We Solution We have, as in Method 2 of Problem 7.4(0), : a 
202i | (241)? (2? +4) 292i (7 4 ))} [rsa 22 +4 | | | = 
» τὰς | ἀν Wea, ἢ 7] ἯΣ ἐς ἐπ: 3 5 
οι = oi + lye ae Ξ || 55 Ἢ are sinh z χ᾽ 2 2 ; Γ 
. : 2 , τὰ % J 
(2i+1% & ζ (2. Ὁ 4! ἢ z 2) ee ἘΝ pa oe & 
Te 3 8! 2: 3 7 se 
ut . ae 
{8 & , & 
Ἢ 4 , -. 
PF 
Pit Sa aca της eee δ aa Se A Re aps wart: _- ap aM pa eenseapeap aEENncac en ucerin get Necentibtie eels . | 4 
Ξ ΜΈ ΔΩ ΕΞ Νς or Aaa Soe aes PALETTE SE Gl ENE Ge Mra re pen αἰ οἷ Si UFR Ce ae. πα SFUUAIN CY LASERS ENC HAAG CRANE αν ES Seb μαι NE ARON ANID LED EC Peek Maer re tLe ee eT oe eA eT ST ἐν κα λον ἢ Loe Ye or? ae) 


+ ὦ με 
᾿ 


τς πο κε σον αὶ δ λα. τ γα ν΄ στρ τὸ τ τ 


. 
re 


"teen ἼΣΗΣ 


«ΟΣ ΝΣ 
τ 
eg 


ETERS 


eh Rate 


TP ἌΣ Σ, 
ΓΑ στο ἐς ας 


a -- 
ΚΣ 


en ae 


Teeter 


SRR 


ΑΞ ΟΣ tan 
were 


<ty, 


Relies iia Sale de decal ene 


--.3 


SoS ete 


τ τας κ᾿ 


σας 


ΤΩΣ 


ΤΣ τ et: = 


SF IN II 


os 
<a 


ee 


tea Le aagns 
sandiekis ἀπ ithe 


(IZ - 1-)0Z 


; PRT ay 


? 


ς7(᾽ -- 2)" -π 


QZ - 


IOC = 2) = 


I+ 5% 6 


ϑ 


""»" 4A. ee ol a ne 


Pars iS ees be ea 


ie AG 


W@Z-N2 _ 


2 
-Ὡν τ 9}} F 29- 


mea 


3 
} 
9, 
ἷ 


1+ 9? 


(jo -2) wy] 


fea thd Oe VERO 


sajod ajduiis 910 ase [12 - | = 279 + 207 --1)]/Z JO Sajod 981 
(9° L 81.) UIFYO 98} 18 JOVI YUM SMIPRI NUN JO BpOTIO BY} St 2 soya 


"7-1-2194 Bog | 


2 72) + 24,7 +e £0 guls+gsoo7—€ 
21/ 2p 7 

vey) os gp 2) = 2p ‘Z/(\.2 $2) Typ? + 99) = =9 509 
IZM 9)? 9) =@ 018 VOU gp? IT - UONNIOS 
QUIS+ 9 S07 οἰ 


gp (9 300 9 uls) 9 τί adh} oy} jo 51826910} 8}. })}86 


ζ- 


= (2) (Ὁ - 2) wy} 


= 7 Ua ‘sajod aA0ge at) Jo Aue sajouap 
Pip. UIQ 91} Adu) YONs-se purty URL] 5591 51 99.}1ῃ a jo au 'sajod xis 959} Jo ἹΠῸ 


go" 9". = 2 alojosay, 


a mw τς 


= (1 FU Z)UIS } ΧΑ +.UZ)SO9] = 2 


suoneoyddy pue weroeyl enpisay ayy - 


Α : Sie cigs pa SP 
apne ἢ = ae Que pty eye alnarniaiee mene δ το, ᾽ς, 


“γον nn aus σι γ ον bee Ree 


[ἡ 


ΗΝ rere 


Seal 


‘ FERRO roa Ἀπ 


Ἷ 
=, 


ae ΘΏΡΙ59. 5 Ayoned kg ὙΞ ¥ 01 you WO) six 1591}0 wed 9) Uni Jayyegdor y snipes Jo. 


[ aweneaq ΡΤ 


ye 


Ἵ 
᾿ 
%) 


. 
ved 
tihy 


τῶ 


Ἂ 


δ 
Ἂ 


epee 
a 


9 2 18 anpisoy 


ἘΣ χει 
A vere 


¥ 
wh 


“a 


μοχο" 


2 18 anpisay 


xe 


99 Ie anpisay 


= 2) γ8 onpisoy 


= 4 “Ὁ 
my 
rp 


τς τος 


Ἕ 


τὰ 


Ξ “a 
Seer 


“- 


μ᾿ 


poet 
ΡΥ γ᾽ (Tite) 


‘hel Pen | 


tv 


4 + --.τ-...--- 


es Fabs 


. ᾿ a oe "3h Ai) εἶν . το δ, we 7 
. Nee ayy νἀ ἀλη Teer on a ee “Ma, ret SSR EL coy Ἐν 22} 
Pa ABU are si ae PRAY) πο εν δμη rage Masur, Payee wale & ΕΗ 
tin ᾿ 


εἶ 


ee : I+ y 2 “" 
gn (Im) 2 = OF I το 'ζᾳ υϑλ 8 9:0 3 π (2) Jo sao, 
| Lt Xt 
=— oo — Y BUN L 
«ἃ 1.4 ΓΕ; | = (1) 
It gl upeey (Tt 92) mer “eZ 
oe [τὰν ge Fe wy Ξο)} wr | 
¢ 
(I+ Zap {ΤῈ οχ) υ- 2 ᾿ 
= : = 2p(2 ᾿ 
ἀκα ΤΙ ΠΕΣ al p( iF] | 


a eS a ae te a eee τ. 0 em Sm me mS eS 


(1+ 92) 
J aiguiorwias 9958} 50 ϑυῃϑίβυοῦ “ποιοῦ OUI SID θα "2p(2) Vg "f= ΤᾺ] { JOpisuor vonnjos ~ ᾿ 
| | ’ pul 95) “1 SIENIBA : 
x = yenjeagd CLs 
D Dt Xap Ὁ 
£78 ΝΒ -- ἊΣ + 103 am 'o~ Aq Ὁ Buloejdas suey]. 
᾿ χριχ acs as 
Jom = 2 9Q γᾺ D UII aad ‘sanedou 51 (Ὁ) υϑὰλλ 
2 KX w= εἰ} εὉ Ἂ; 7) ᾿00}}.9:07999}} ᾿ 
7 l ᾿ xp x ve 
1091 1,08 τ 7 
ag = = ria = 10 18 INPISed 920:99.0}}, - 
428 (00) , 12) _ ll?) 9%) yaar es 
ΠΌΠΝ x9 χ9 ὦ “Ὁ ὅν ὦ i.e 
D+2 O+2) “(1042 D+2 D+2 {10 + 2) oe, 
2221 9. 9 ζ z2e z 
(0 Ὁ 2) (1042) (10 ~ 2) 5 εἰς 1) . εῦῦ -} Ξ ae τῶ φΦ wH © : 
> 2 Ϊ 
ῖ t 
z| JOYE ONplSas .920}9.9.}, i 
(12) ὦ 
‘galyisod ὰ (Ο) ΣΝ papaosd "2. opisul ¢ Joplo ia fod: : ΕΣ ΘΗ . - 
: δὲ κὲ " ' 
; (ϑοιπῃ) jo = ἢ Os εἰχγῦ + 72) Aq Usald ase ce = (2 JO 9104 
εἶ τ ἢ 
ἜΝ εἰσ + τὶ 4 
ute πόνο τς (1) Uloe ἐπ δ' 3θργο ἶ 
: = " 
᾿ ἶ 
| : 
SaIqeueA xejdWOD . ͵ 
1 ' ΐ 
en ae : alg ν εν λοι) δ tee ne et δα πλολκεντοαν re ΠΤ iene reais Sere: Jf yore wel Gtat te amg tite ee See que Sete «oer 


co. 
“ 


tot te oO we 


Ss 


sc¢_ pat. 


AL 


2 
Matt ey Se ens 


/t.m 


wo Me 


Witt Te ἢ 


eta 


com 


df. 


aii 
Seen ie oS 


ΩΣ 


~ 


(ΩΣ 
PE ete hea’) 


ξα΄ 


/ /upsep 


- 


https 


i σι ξυσώσωσ. 


x 
et 
es 


cs 


ee, τι 
Sonate 


or 


wee oe ee ee 


τε Sr heh Rae “ 


A 
“- ἘΣ 


te Pe Sot lee 


aoe 


-me/ups¢_pdf 


//t 


e 
oe αν 3, 


τον 


2S] 


εξ» 


https 


. . 
ΝΣ ὦ 


a ἊΣ ASS υιυ κασι ἐκττα ᾿ ἜΝ Me et ka er πϑοιαιι Si eet he : 
+ * “ , " . 2 ! . Cen 
, fy sir & A 4 > : ὃ ® a} 

\ 8 a i 
4 φ , 5. 3 ' ω 
i) A e ; ᾿ . 3} 

at i mt ΕΝ ; ὩΣ " ae ᾿ ἂν ΤΥ ΤῈ at, eer, “πὶ “tt roe) εὐ Ὡς Ἐπ δ pt hy gry Arey Cocke i ) PES ee COO ce ραν, ὑχε τς "Merwe ὑαενσ ΜΆΤΙ ον νυ ατι ΟΝ 

wake Geveten es ἀπμνονο τος, παδνμι,., Δανσαὶ Se SG SO μονα i ett Maat). germany) ΒΚ HENNE SEMITIN Gg hMERN. MM MS, ἢ αλλ apei eit ον σαί Be ΓΗ Va it Ty pts κακαῖς δὶ bat: dableamb τ᾿ caahihd ὦ, ΝΟ OR OF i ot ar Ἐν ae ἐν τ 5 
: : - Ἢ : Σ ae ΐ ω 

[- + , t he , ’ , 2», ζ Ε "ἢ 

re gy I ᾿ " vm f ‘ 1 oa oe 

RAN. ᾿ : ἕ ΞΡ 

; μι ΚΡ ek eer: ᾿ D ἃ 

. eee Gt: The Residue Theorem and Applications KS i 

Complex Variables ΓΞ App ἡ Bs 

a Ἐκ 1 ‘ ἢ μιν ἣν 

«4ἴ ἥ fe 

y τὰ Ε ἢ dia as 

Qi , ΐ 

40 

Η 


5 τὶ 
4 
ἃ ὦ 
ee 


Sraa ; 


> 
κὶ en eas 
er eh Ta 
pA NS TO Ἐτ 


“ 
4 
2“ 


4 ; 

χ COS 36 dé — x ) 8 
0 $~4cos6 (2 ny ᾿ 
Solutlon’ ἴοι ζπ οἶδ᾽ Thencos θα τς + 2719/2, cos 305 (εἶδ ε5|8}}} = (σὶ + PQ, ἐκ τ ἱξ ἀθχοῖλα . es ο 

, 3 . - ϑ oy - , ae 
ΤΩ cos3@ 49: ᾧ (zi +z" V2 ὅτις... z τὶ ai ς : Me 
0 $-4c086 C Sm ἀ(ς τ 27 V2 iz 2ὶ "Ὁ χ' (Ὡς =1)(z - 2) - 


Only (2 -- i)/5 lies inside.C. | as 
Residue at . | 
2 , 


- (2-1/5 : 
1 : ( i) πως ( ἣ απ 22? τ δὶς εἰς δι} " 


τ: 


7,16 Show that J 


δι 


HAE τε 
τς ΡΥ 


a 


e . ¢ ‘ 2 to ne ah ἢ 
: ἊΞ lim = pn fr. : ; ἕ ; “4 
᾿Ξ pma(2-lys 2b — 2ὃς τό 2] τὸ ae where C is the contour of Fig. 7.6 ΝΣ ἢ i 


reas 


ν᾿ 
Dr - 
ae 
Lett 
ἊΣ ie a 
. 
«.. 
. 
«a 
. 
eee ne ee a ee ee 


Pts) 


by L Hospital's rule. The integrand has a pole of order 3atz=Oanda simple pole z= : inside C, 


ον Nate 


- .o8 . 
RE A ae ee ee ee 


pee J 


Sls 


᾿ 


wien , ἔξ Residue atz=Ois ς : ' | i 
: 2dz. 2 ' Ι an Ἢ Ἂ Ἶ : ; . ‘ of inf ; te 
ἘΝ Tey oe Bye ee: gt +l rl Mg "4 
$ ae 2i)2° + Οἱς --ἰ - 2] 2 a € {ἰπ|- Ξ -ἰ ἢ. --ὐς oe ae ih ἢ 
hee ast, : ey 102} 4χ}}} 2(2z-1)(z-2)} 8 ὌΝ i ᾿ 
8 required value, Ἧ a Ἢ I | 
᾿ τ. dO Aa Residue atz= ὁ is . . .- Ὁ rH 5 | 
7.15. Given a > fd], show that Jo Gabsing — tb? : ais | . . =. cs ὼ i 
| Ate Ὁ 1 +l 65° 7 i ἐ τὸ 


Solution Let z= e!%. Then, sin O= (e!? = οἰ Θ))21 = (2 = χι /2i, dz = tel? 46 -ἰ iz αθ 3ο that 


Naemlieonll 24° ῳ 
᾿ ,“, ὁ φ aziz ᾿ ᾧ 2dz__. a (22 ~1)(z ~ 2) 24 ; 
Catb(z— 272i Chr? « 2αἱξ -- ᾧ ͵ Then " 


0 at &sin @ 
where C is the circle of unit radius. with center at the origin, as shown in Fig. 7.6, ᾿ by: ᾿ Ἢ ᾿ Pal 2] 65) πὶ ΤΥ 


The poles,of 2ι(υ 2 +:2aiz -- δ) are obtained by solving bz? + 2aiz -- b = 0 and are given by BASS a, Ξ --τ- (2πὶ) γ-- = — 8 required. 


) ; a 2176 Rag = 12 =2) 8 247. 12 ! 
~Qait Vda? «τ 4ὴ΄ὴὴυὀ -ait γαἷ -- 071 3 Pt 
- x x 40 5x A i 


2b ᾿ AR ὀ 7117 Show thar [" ——~— τ | ἢ . 


| : : ieee 0 - η. 9.2 
πῶ δ᾽ -δὴ] Ἰοᾶ- 6" -- +t, ; δὲ ἐ Ὁ 3sin@)° 32 | ἐς 
' ᾿ _ Solution Letting z= εἶδ, we have sin O= (z— 27!) /2i, dz = ie'? d@= izd@ and so 


nd 


a 
df. 


ee ne 


= 


Cate 


Ἐπ 


We hee Ae ce se owe 
Mee > 


ater = 
Ί = 

sa 

rs | 

i 

nt 
//upsep 


s 
-—-— 
aa Ne a 
ital 
e 
e 
pier 


τι 
ΏὭ» 
Ὁ 

' 

wy 
re 


fA 
ευ 
.-- 
«. 
1 
. 
== >. 
1 Pate Boe 


https 


τι: 


‘'™ 
i 


ele ahetw 
rtale:: 


-- 
- 
ta 


r i 


δ᾽. ὃ 


ψυΣἑλλ CS 


i/3 lies inside C, 
Residue at : 


PE 


when a > |b]. | ; 
Residue al 


Only {(-a + TIS? yah i dies inside C, since , τ i 69 - Ξφ: ae ae ; ide - ἢ 

: | ες ἘΣ Ὁ (S—3sin)? 96 (5--3(5- εἴ γ2)}} ἰἾ6 (312 -Ἰοὶς τ 3) i 

- τ : Δ ᾿ } 

πὸ τ να =). αἰ τ δ πα γα -ὐῖ +a δ ὌΝ, ἮΝ ᾿ Ι 

aie ἃ A i Sop {= aa «] re where C is the contour of Fig.:7.6, : : ἷ 

. : α΄ -δ' ταὶ Ἰ(γα΄ -δ' ταὴ ὯΣ The integrand has poles of ordef 2 atz=(10i+ ψ--Ἰ00 + 36 V6 =K10/ + 8) )͵ = 3), i/3. Only the pole 
8 a 


πῶ +Va? - οἷ : 2 
i= lim (2 - 2) 2 - 
ὃ ἔστι bz* +2aiz=b 


2 ἱ | 


mm 


>, 


φ ᾿ ΤΙ 


od 2 ζ 
ai/jic limm=i(2~ih)*- 
d 


lim = = 5 : lim — (2 = 13)? eet, Zz ἢ ‘ 
Fey 262 +2ai δα ταί [αἴ py | | ies © tae * (Bz-i)*(z-3i)?} 256 
by L'Hospital’s rule Ἢ Then . | 


N 
“ΠΕ 


6 "ἢν " 
νας 


- 
᾿ * 
Solel ne ge Sa! 
Γ᾿ 
LEQ. 
~~ Tae 
΄ 
OE ee eee τος Se et era 
A a A ς 


NN ee ποτ κατ σ 


df 


ς θ΄ Ν᾽ 
oa 
ει, 
τα πον 


" 
t 


upsc_p 


- 
‘Ser 


Then 
. ‘ ᾿ ey 4 . d. ; 4 Η͂Σ ᾿ 
ὌΝ | i de ee On an -ἐφ, = τ ΞΕ Ξ == i 3 
" Ch 2 + 2aiz-b = ah? τ (Bz -10iz ~ 3) H i 5 
+. 
i 


< πῶς 
- 
e 
e 
— 


a 


the required value, | 


Ἢ 
2 
Ἷ x: 
t f 
al ὦ ΞΘ fi 
εν ' tt 
1 t ΝΣ ls of 
ἢ i ae 
‘ ‘ i e ᾿ ᾧ 
1 sf 1, 
: ᾿ 
2 Be 
a, 
As 
—wwls it . - ~ ” “ι' g Tre me “ 1s τὰ πὶ Ὁ “Ὁ . «τῇ Ἢ Bi ΗΠ ἃ; Γ 4 % es ΝᾺ 
τέο πὰ eee το Ων ARAM ΣΎ er ees ee Lae Pabaea tint nt MPa ATOR ESRTRS MRD SEIDEN, AHSAN eM ITE I nce urea Matte ABA HARI ΩΣ 
ΠΣ ἡ bare Ter fay fF 5 : mS ee . ᾽ . Ἔ}  Υ : CATE Meee ᾿ 
- ee. .-- PY - a- - Ξ 


ςτὸ: τς τὰ τας" τ ὦ - = "ὦ i -- "ἶ StS en ee ee eee ee ee ee af ~*~ Cr 45 ae 


Ἧ > ’ 


owt hee ete! LL 


ἢ Δ Tv 3 | 3. " 
, " ἢ 
Dk 
yf 
Hata WAS ΠΤ ΜΌΝ hy ie INOMM Sieber dear) Sirs AMiasdiss, ee ciasdy ‘ot 
zB 
i f 
ἢ ee η 
; | ἜῚ 
᾿ ἐξ εὐ DB & 
‘fl ᾿ 5 oF ta 
fy | a Ξἢ 
ἘΠΕ ἢ ; ze 
μ᾿ ὶ : i ἢ 
+ At ee + nt yap moe, ΕΣ ἢ ; : ὴ 
1) τς ig τ ἢ oe: | | f 
rae . 1809 ) d= + —— πὸ op SA) ah Ν 
' DAVY IM.‘Q'L PUL LL SWIZIQOJg FUISN NUB oo — τ 85 (T) JO Sapts YIOG JO NUN] 94} Suryey Aa ᾿ I fod an? f iF 
: No a8 Ρ "δὴ 
! Ἢ εἰ + οἱ T+ οὐ ΜΕΥ ἰ" " yj 
— + 5}}8 PER: 51 18}} ᾿ χ 
( | } . ue aa =a . WL See . : | ἢ 
BES % 2 ! ἢ 
' ξ 9 9 9 _lIt9%a Reg 1809 _@—+¢—Sivz = ; . ἢ 
7 uz ~\ see? TF unus-9 Ὁ Ὁ onas-? τ MO = > ie one 1-π} ἷ 
ἧ, pad : po ob 2% + ,2),2 5, : ἮΝ 
; : 5081, δὴ + = nue (sanpysai Jowns) wz = oo C+ 27) “6 ᾿ , ἢ 
νος 9. ρθινρα! (ΤῈΣ ἜΝ © ρα 1B 9ΠΡΙΞΘῊ ae ae : ᾿ | i 
οως-τ Ξ-- 1) πόπτί,  μεῦ- DP ὧπ φῃνς ἐν μι | : 2 Ἷ 
t | : {999} ὉΠΡΙ59. 91} (ᾳ ‘usu, , q 
| 9 29 με). 1+ 92 wt? ς ᾿ tes ay 2 | fete? - vs . 3 ik 
ys? τ = τ -{ Γ΄ (suuc? 20} “Un, = owe? 8 ONPISEY παν τἰ( τ 1τ)- 2)» wit | Ε ἣ 
ως: ᾿ I=|- ΕΣ. 
20 ωὡωϑ-ὶ T+ .2 den? ᾿ ᾿ ᾿ ἐμ δ 
je ' . ᾿ , aS) 
‘aj ἃ Jendsou, Ἴ Zulsn 98} ᾿ UIQUA 91) onc? PUB ‘oye? ‘ow? s3jod 91} ἄϊυο p = ζ zl! +17) = a. ἢ 
Ὁ + φῦ] ab Sajod οθιυ}5 230 9ϑοιῇ "oy ι5 ᾿νοῦ οι ως ‘gare? ν᾽ = 2 VOUM O = | +o? BdUIS: 1). ΤῸ κμε-) me, oN 
' = 7 ᾿ ᾿ ᾿ ᾿ Hi ς--. δ 
| 595. (astavyo0{a291UNg9) DANSOD BUI Ul Passaacsy Ὁ 9099. 9} pue y or y | ζ 222) prow Zyieer {[{ζ 22 Ὁ 2) 5 ee = a 
WO) BU] 9} JO'SULISISUOD ς΄ 304 JO INDJUOD Pasold ay} 51 Ὁ Way ‘(+ o2)/2p φ Ἰϑρίδυο υοῃπ]ὸς. rr 11 =) wy = (iet-)-2]} wy a 
| | [+ gx | ᾿ oe oe BR 
| - ον 5} Ὁ [τ Ξ 218 ὈπΠρι Ὁ “ , ἢ sh 
. Pe, “ ‘ ἢ ba 
Ἢ Ξ PT PUR pgagy = 2 nian [1] — 2} ς [ἢ + '2| Ayyenbout ayy jo asn opew.aaryamyeul aon. | oc -““- ak + 27+ 2) ieee (C+ 2Z+ .2).2 : Ζρ ito? - one | ἢ 
θπὴ1Ξ- W wi) 08 (aidwexa Joy "2 < y ABS) δηουῦ 9819] 51 ἡ aJouM Sane I~? (7 +27) ,) = =(1 ΠΙΣΣΙΣΕΕΙ τ ζῳ 22) {f= - z OT WU lef i 
a, Ὁ ἢ . ae “Ξ- ᾿ { : rt 
I ; . : ety i 1 3 
gt πο t=] 926¥! I+ 99°94 =|(2)/ | oe ΟΞ ΣῊΝ πρΟ “1 oe 
7 aa | > sal ae rae nes ᾿ — Ὁ dspisur ome sajod 959.) IW [0 = Z + 27 + 22 JO 003] IF } ᾿ ᾿ "i 
: f ' are -πΞ}ὴ 9310 >| WIS νὼ ρυθῸ 5 : 12 9104 a1qnop & se +2 2 “""- ἘΣ μ 
υ511, 98} Ξ 2 esoddng ὑοῃπίος Bi 106 ajqnop 8 sey {(Z + 27 + wh te a. i uolin|og , | 4 
(1+ Qt ΞΟ <4 ws ley’, PU = 70} WY MOUS BL Ha = δ᾽ uonenbs yim Ὁ ἽΜΕΡΟΝ 2p - τς: ΠΩΣ 9" Ἢ , 3 
= 2p(2) 4 WI} Os pu O= feta xf ἘΠ ἜΣ *DAOQE.USAIZ JEL UB SROMOQE] 3:0} Yonuy st pomew 518} ing ᾿ Ϊ νὰ 
͵ on ‘yl = TJ Ost JO indus] our 2ouls ee 2 YUIS2 UIs. ; PIP ie . = | iS 
ed i es. wet zysoozsoo § | op | " ἫΝ Ϊ 4 
a cs bp a: ¥ | “ἧτο τ 8 ' tg ἢ 
Wi ἢ εἶ uipuyy <q Paureigo oq osye ued Insal 9{1 "οι ϑιι Jayjoup I. ha fl 
Davy OM 'Z'p 98:4 '2) fssedouj ts uonnios ren “*Sb/L~ 8} (2/f Jo 1a191J209) anpisad ay? ΟΣ pue ᾿ - a ἢ 
"S'L ‘S14 Ul UMOYS Y SNIPBI JO 915 ΠΡ 2 τος a st. Rai 06 - of 2 
‘ ‘ eta Ad! ‘ a ἃ ped Ξ -~ ‘ : Ἢ RS: 
DID Ὁ = 2p af “δια yeun aadldg ‘MUTISUDD 900 WY PU | <7 SIUM 9, 9Y = 2403 IWS {(2)aq| 151 ZL pay im of tho ἡ G2 + 2 | εἶ : . i a > oa 
“ " . -" oye t ὁ 25 ᾿ 1 bd og Sy = e i Py ᾿ 
xp X)J [ 90) ayy Jo sjes6azul ayjuyaq Ree ee ' ΟΕ i 
_ ID perk , " 5 ΧΡ 
, Ἦ fee ~ Ϊ Sg 
$29/6166660 ie & rt an i, oh 
SUONBONOOY pue 8209} anpiseyy eu! ἮΝ eee ae ea Ἷ ay 
: Ul NOLWNIWYX3 SOS ¥I Od ΠῚ. ey ' SOQEUBA. xeon = aay , [ .Ξ Re 
i eee. = _ | ἐς (OSANSIOS THHVHSHIVH 20 SINHISND a 3 sks, | ΝΕ ue 
. z ᾿ + | ! 3 ’ wt a : | mn 


cm She “-. a bonne, νότος peewee: ._ ee » - . ~ 
we. t = te Riel Me ieee he bbe Te a oe 0 ee ad τοῦ ane wR otis 


Ceo ᾿ - eg 
he ἀπ, χὰ eee ae δ Oe ee Ow χα “Ghee me 2 ce ae πὰ μον 


tgs . ὴ ᾿ , ἔν" 
acl = * : = 
Sada 5 
Yr 
ὶ Σ i) ‘ 
- ' 
ν 
) ι' ’ , ᾿ 
i 
ες δεν τὰν wy we κοῖς ra ες = -s ats, sen aos x i “λιν ane phat: ἐς ἢ ΔΙᾺ το hee © οἢ ἢ 
δέν keene Sey tty Ser IPR. πλάτος͵ ἀτελέλ τεῦ ἐνερ oap CANIM σις ag Shea θυ αν aU 3 plea Pea στ he dephltaaide peated μα taba ahs Ceatbad Rt, tat edad Get tes ὙΠ cn tes ge te gate 


Tha Residue Theorem and Applications 


Complex Variables 


Since . 


Taking R - 9 in (1), we get 


- dy ον, [" ὦ 
epee ἥν τ 


the required integral fas the value 773, ᾿Ξ ( Ἔχ) +Q= anid) R* 
τ ge 
7,10 Show that fo 737 ἐπ σα Ξ Lg ἢ 
eis τ FI) Cr 42x42) 50 Ἂ 
olutlon The. poles of 2*/(z? + 1)2(z? + 22 + 2) encl : 
Zand zs -1 + sae ) enclosed by me oe Fig, 13 are 2 =i of order 
Residue at z= / is ὁ : , ρ ‘ts 

; ν᾿ a ; 


a ἱ 

Ἢ Poles of f(z) 

i ‘ A (L+27)? 
(order 2) lies inside C. a 


σι 
T 


Aa 


ΤῊΣ 


δ, 


A eee cs 


os 
Pr aan | 


Τῶν. 
ΠΩ 


ὟΝ 


i 
ats 


"Therefore, residue at i = φῶς φ(ἣ 


Fleceral, 
ἘῈΣ 


πάν τρέαν ὐ Τὰ 
Fee ΓΕΑ ἊΣ 
TAT 


Por lneat. Ὁ 
An τὶ 
nee πὸ 


chs 
Pe 


ade 
Ω 


eee ὑ gi 12 


eee ess Sy Fee 


Ε side (τε τ) τ ςφ ἢ} 100 


Residue al: =~] +/is 


Here @(2) = (2 - ἢ f(z) (2)? »-——— s  - 
3 


PbS 


Sy 

3 
aa 
cu 


2 ; 
᾿ lim (ζ ΕἸ --ἢ aac: eee ἘΞ 3-4; aR Ye. 
twin] ΟΝ, 2 τ 7 πη πες ’ Re 
ae, (2° +1)?(2 41-2 414i) 25 Ba 3g Therefore, residue ati = σ΄ (ἡ = as 


he Nd 
ΠΡΟ 
ΝΡ ae, 
8.5. 
~ ae ὰ 
ye να κ 
- 
om 
N 
-. 
uu 


πῶς t=, 


FU 


phi 
wv, 
Cy 
3 
J 


x Therefore, from (2), ia i Sa = 2m x= = 7 
™ + x 


= dx pw ay. 


= tw, 


Prien 


3-4; 
= 271 ——)= 
(2° +1)7(27 +2242) ΤῊΝ 25 


: : a 


φ ᾿ z*dz . 91-12 
ς 


uA 
oO 
ain 
Sere 
ft 


us 
τ᾽ 


ἐς 5 ; 4 | ᾿ Ἶ ἢ ~ dx x 

| a PEs: +f ------ςΞ Ὁ ἰχ | Was = 7412 Show that =, provi 

TN CRE HY GR + 2x $2) ΤΣ 41202? 42742) 50 ee ΜΠ -οὐ.α2}} Bq) 

Taking the limit as R 1} οο and noti ee. | ee _-R(@) is negative. 

seehe eas te nd noting that the second integral approaches zero by Problem 7.7, ERR ΝΣ ΝΣ 
το | Ae Sotution Consider || ES =f f(eyde, where Κῶ τς τ 
“Ὁ ᾿ : 41) ᾿-. 2.) i - 

7.11 Show that de τῶ Ad , - Ὁ ἢ C(z +a ) ς 


2 


0 a3 = eae 
(lex?j? 2 ᾿ ἤν ᾿ By residue’s theorem, 
| Bani P 


ap Ἔ at = μίας, where fz) = 


large semi-circle Γ of radius Α to 
By Cauchy's residue theorem, 


“ΑΓ, 
gether with the part of real axis fromx=-Rto x= R, aah: RP ταῦ HC? + a’) 


SSL! 
ee, ae 
ft 
3 
Ν 
~ 
διε 
~~ 
ι 
3 
™m 
δε 
iT 
hee 
~~ 
3 
™m 


it 


at me 
ro 
L 
2 
4: 
4 
ξ: 
-- 
™m 
δο͵ 
+ 
a 
nN 
~~ 
.ἊἬἜ 
4“ 
2 
ξ 
Ww 
us 


[Slade 


Ἢ dx az : ἜΝ 
τ ΤΉ ΤΉΝ (Bg 


"lim φῇ (2) = lim 2.— Sin 
inte ae (+ z°)? fim j Ι 2 = 
2 {1+ 


the 
- 


ὲ 


BOs 
3 
δ 
+ nw 
& 


La 
= 
L 
a 
τι 
-_ 
δ 
Ad 
+ 
a 
ῳ» 
ww 


e εἰς. 1 
‘ ! Ἢ 
, ; aye grid 
ey! 
a “4 
Geis uk ' 


: 5 


en re ust rd gt ." a 5 


Ase wie αὐ were αὶ rao cde ee χα φινα ΕΣ δὰ ἐν δ ἽΝ " "i . 
rhea atta; i See we ee ee a ee Pee ἢ eh raw e 


_. " ; ΤΕ ΡῈ isa au acim ea lene ae cate 5 ane pom gi τις, χροὶ Rib um Aer χαλᾷ να ναι δον βου τ κοι ταὶ cia’ ζ ως : ξὐνχνήϊ τς δ etnies Se ὡρεῖ τες ὡς gin τὰ, ἦν; δὲ αν, τοὶ χεκὶ νοι χετι Seen : νον ahs : Β 
TNE meee emer a Teen etme πος ον EMERG MIT YS OEE QUE TOU εκ RUM a Cbd LACT ANTON ᾧ hose BE ἤριπε σας ASSLT TIRES ἐἰ ζελ δ COMA DIS cyte derek nate eee σον νὴ LEE bcd tee ue ee at ΡΣ el αὐ Sere CE eb τ πε bed Gaara Pe Gir eb ερετδννλ gale AA eet Da 


are given by (1 + 24)? = 0 =» z = +i (twice) out of which only pole z = — 


| (:-- ἢ | ! 


(τὸ (- ἡ «Ἐὴ} (e+? 


ded R(a) is positive, What is the value of this integral when ~~ 


" Σὰ" 
of ἃ large semicircle Γ οἵ radius Καὶ together with the part of real exis fom x=~-RtoxaR. 


pal 
(422)? Cis the contour consisting of a ae | Rt xde z°dz 
: i [ - 2πὶ R* , 


u, . 3% 
NEVER Leh νι 


| 


rf 
~ 


Cis the contour consisting 


. i x ὅ ia A 
OR κεφ λύενς, ἀκὴν ΟῚ 
ἢ 
A ἧ ῃ 
i, 
2k “peer --Ξ:Ἤ ἘΦ 
wee NE iN 1% 
ἑ 
. ; 
é e ; ‘ ᾿ 4a 
‘ 4 
ἥ 
ἥ ae : 
r " ἡ AY 


ae 
SNe. 


Ἂ = 
Pe 


. 
=i 


SN ele ee 


SOS 


Sl 


Se te et | 


SNe A te ew lt te Ny Rem Te 


eee ee 


ren ovst ss 
ae, 


‘ 
1 
4 
= * 
« 
; 
oa eer ee eet eA 
Sem a 


σοι a ee oe oe έν το αλλ 


tet echt ϑιδηῤῳ Nee te δ 


ee ee - - 
ον. 


ἘΞ ΤΣ ΝΣ ποῖον 


τ τσὶ ἀν σε εν 


a en πΔΣι 


Rhee FONT, 
SEEN EEE 


Ω 


(1) 


eS 


eS Pah eee μον. 


“ποι τ ATS Cd κ΄. 
os 


ΝΑ αν 


-------- 
Nae A 


SANA 
ake! 


Se 
NAA. 


SS 


MS 


SAL ττς 
pea a) 


SPP: 


Aa 


— 


~ 


ale tatiale Matt inh ee 
ODN 


ba be te RITA ν ἘγΑΤ λ ED et δε (ἐκ an aan 


A eR ee 


22s 


ESA 


Ng OP, 
se 


<a 


/ /t.me/ upsc_pdf 


https 


Ra pe SP ES 


com 


// upsepdf. 


e 
e 
SOR 


τον 
en Ὁ 


ἐν πτόλιος, ee 


AL 0. .-" 


a a, ον τ ΣΝ 


“i 


https 


< 


hor 
ty PS 


Barak tet 


tee Se le σον 
— p 


~ 
. 
------ a er ee 


he 


edt eat 
> at he σον, ὦ 


or ee eee 
to tyes 
a oe” 


{2 ROO: 


Sool FNS πα στ 
ne eee 
ery eer AS} 

ASS ORD. Meee 


] /t.me/upse_pdf 


eer 
eek 


oe 


Cas 


e 
e 
oe. 


eae 
235 Ὁ, oie “τ 
τον τς Cn x 
ae ee ee 


__ https 


ae “ 


αἰῶ pi a LF a=" 8% 8 ver 

oft ae εἰ . ‘si vay te . ᾿ ae bth, 7 
Lt Dr Say ea id va ake Fi eal ty G 
. vn ) , 5 . 

' ote ee 1 ν ἡ: ane ἊΣ Taye aye ‘ 
εἶν ea ' ν - ere, So δ αὶ ἃ ἃ, ὅν —----—-- 

| Ay twee eK 2 -.-.--.......λ...... eo a 
‘ Ai 2 we 
4 
’ ‘ 
ἢ oy 
4 
' - 4 ¢@ ) 
δ . { 


ee ΤῊΣ aa 
ἐν athe, “als ee be 
bai aaa ἄταν ἘΠῚ ὦ ᾿ gay Ad νῶν δοὺς ΜΉΝ eee rg oe uted bass ew as oa: 
, ue , , iT ray vitae, A 
SUA taaeagintned any STO! ashes sesh ΤΑΝ μυζορδν λον ented bans Wlcgrae bese ia ae ᾧ ; 

ἣν a3, 

1. 
εν 
i i 
ya | 9 F 


| 4 Sf Gu) cclaetdSakL ΠΕΤ " 
ἘΣ ΐ po “U@tDe) zeta : i 
‘2 UII 591} D- = 2 PUR 9 SpIs{no Sol] ΓΝ ΞΖΟΞῚ > 20 QUIS . } " = | le ie4 2 on pen | i 
. i: ΝΣ Getty Mee ~2) wi = (2)f(o~2) wy Ξ In anpisoy “ἢ 
ΘΕ ὙΠ OHO + (0+ [)2 + 20 "Aq UdAIS 91} (2)/ JO Ξ9104 ΕΣ: ἜΗΙ ᾿ ἢ 
. Ι΄’ he: : ζ ᾿ ζ re 
| ipay od AJuo ap Sto =2 (1189. '---- -.- = pue ' = 9 Py 
D+(.04})2 +20 el at Ὁ. ϑριδῦ 9 : ΝΣ = "] | x 
: (i) ζ - g = (2) / Baya zp(2) f Ι: = ΤῊ sf ΐ : Ἐξ i ᾿ 
: ᾿ hed : ; a 
. ᾿ , gu 2 ἢ χε; ‘ ‘ . ἰ 
: arr sy ae HZ ‘os | ἘΠΕ 2 Aq Uaald ame (270 sajo 
_ D+2,042 + sae 2) t+ tor at ; nee" ae ᾿ ὼ ve : 
= [2] 910.10 lun st > qeym © > ap ᾿ aah [+2¢4+, 2 2 ‘ 
| | | ; | i tp ie ] | P t ve, peu (1) PZ) S 7 jo ‘du εὐ ere sr i ὁ γο ‘dus | ; 
es ἮΝ a4 2} . my 2:5 ans 2 τὰ é 
| τ; TOP 8 ὃ τι ριδ Nd ae (fo azee] , 
. if : ho =| 92319 iene 851 12 asaya 6 tbh Ἵ ἼΟ ΦῈ = i 
| =} 30 sued AreurSew! pus [891 are sjeadaiul wog ὑοῃπιος oA : nied : ΕΙ 
' Ey oe ge OM 4 
SDE ‘ : 
CoP OURO N ioe War uipUe bees oR cop egp,a= ry 2 22nd ‘gp... fr on tt [45 , ΕΙ 
We ee: : = 
22 + GSO007 +] of pue — - a O° svenpead ozs m 4 2p or OY gin? Ὁ gj? ἘΠ 42 ? 9 
guus 3 Po" wed ae | ὦ 
: " τὶς δὶ καὶ Ἰο Ἢ ns ‘oicjeiouy a oP Sef 30 au spp 939: Test uonnog-- =f Ξ| 
: ἮΝ ᾿ “we = τ 9 48 = ra gu)? υἱθ 5007. + [) x2 ?6us00 Ὁ SQOZ+ [ure ἢ [51 yee ὦ Σ id 
ΤΗΝ ; i . ae : 3 S. la 
τ ! ΠΡ 591 s,Ayonery « ο ἀξ a ς $09 | ἵ ἘΣ 
— ' tee Sy! Η of - ἢ Ἢ 
μ ae Re anes Ὶ ila ie eet {s-9F- macs gu = τος ἘΠ) "ἡ ποις δ. ἵ ὲ Ξ i 
’ 3 ao. ' : " 
ἢ . ἰῆρ-ν [μοὺ v2 T= T+ Uo, [591 ‘aJojasa ἘΠΕ | | ; δ 
weve Dien UN eS eee oe Is wiy = 0 18 anp! 298}. ey at | ὡ 7 : , ἱ 
; RST. “ὦ " : ” ' 
‘| ἘΜ) 19ρ10 Jo τοῦ k 5: 05 2 'Αμθοιο Ὁ =F = 0 = 1412 AQ υϑΑ [8 ose (2}}0 59104 ΕἾ oe : ΩΣ ω = 
: oe Ἂ Be των δ ἰοῦ ‘2p(2) f i Jo'gye an he ARH θα ὅτε φρυες =u aug] τ, τ 
es 4 Sg δ᾽ ΞΟ) 5,9. ἶ ' ΤΕΣ , εκί τ4-- 22) | O υἱὲ 4 ἡ. δ) Ἷ ᾿ ἣν. 
Ν, 7 2 no ga a); re | 
= [2] afosio yun 512 ϑιϑιμὰ p ν-Σ χ Ἵ jo ἃ Y= ae ζ oP ve | . | 
ane ‘Shey 5 ἡ it Ὧν 
7 | 90 ΔῈ = Bie Sg ὔ i : 
p =A " μὰ 90. ἐν » 2 dd = = OP a? pvisi+g soo? gee : ἢ ἡ 
org ee volnjog ee - nn: 
BP oy. see oo” 99 4Ἃ = ΘΡίθι —g U}s)so9 goo =] 191 . ay Αι ' : ' "ΙΝ 
aoe ul up i 0 Ee τὴ ε(θυ184 Ὁ) 0 man CUSI+P\ 20 of θυμδφεῦ oop - , , 
: ‘yo8aqul aanisod & s| uv sou ' 7 = OP(GU~ Θ UIS)SOD" 4 4959 Ἴ Ἦν OP aed nee aa id ro -.. a oo ἢ εἰ 
ὶ eae ᾿ : ἣ 
Ν ~ γθῃ 2A0ld 0} es jo ἘΠΊ ΠΟΙ Addy ὅτ ἔξει sie ee eee F ; ὉΔῚ Dan ays: " 
4 ἐπι 8, 21 SB 4 SULISPISUOD) D 0) Joodse. 8 : 
οἰ" = Je ‘ays 1 'soyo04L uae aa. Ῥιδυς , 1 UNM Sapis YIoq UnenusJayip <q UL, ἢ 2 
‘aes ae ΠΝ κυ: : .- ἢ : ἌΣ: 5 
a6 "Sh awe” Sees, waz Oulsgeov i : i ΞΘ 
yf - 5 KW7 = y Cz = 2p(z) f Ἵ 9109} anpisal 5, Ayones Ag See: “ OP πὶ ΕΞ. 
; ᾿ ᾿ sh 3 : 9) Ξ ΡΠ} savy ani a ἐ ἰΠ9140..4. 10] eee ΠΝ = : i ΩΝ % 
; ΐ Εν 
ge 3a] ----- ἢ Ξ} 
' ; ἢ ᾿ . ὃς ἢ ' τ 
- “ιν τὴν ors τ ε ᾿ aay : 7 δὰ : sh 
* ΡῚ o . ; Ν Nese. ἀν ἢ ' : a in ΝΣ ΣΝ ΝΣ 


: ὌΠ... πὰ δα ἄπ ἃ 


SUS 


ie 
' 


4! ASSEN, 


᾿ 
we 


ΜΝ, αἶαν - 
piga § 


MWR,» 


ori 


“4. ἦν. 


Poles of Az) = 
Therefore, 2 = ae 
Now if @denotes any of the poles within C then a‘ 


Residue arezais lim(z- 


and residue (al z= 


MUAY CP. ARTE emo, aman 


orn. 


avy οἷ" ΣΝ ες ΝΞ ἐπὴν 
᾿ i 


1 ΜῊ ᾿ . Ξ ἢ Ζ 
' eS) 


att, 


“foie -- ἰδέην 


Η͂ 


: ad 
are given bY ζ 


4 
τα πο τοςε-α το zal 
2) +a 9 


4 


in(2n + 1)z i(Qaeljaid 
᾿ cos (2n+1)% Η εδἰη( ) ee «εἰκὉ) 


ee 4 4 


} 


3 
Γ 


“ya πὶ 
S ge’, ae*.ac?, neOd, 


2, 3. 
i 


= -¢ 


Out of thése poles, the amiplitudes of ae* and ae 


3 mis _ “λγ9 πὶ Ι 
ze” (2-@)2"e ας ὁ 


ἡψίὸ “δας; φαΐχεταχε- α) 4 


" 
Ξ 
~ 

i 

a 


ia 


: πα] ina int nw 
e | Ν" ᾿ τ Στ aj ma ον ὶθ -ἰθ = 2.059 
Therefore, δ Α = 2 ell te “ae ee e τὸ ) 


So, (2) 19 1: 5 


ina 
ma 


vi cos —= 


ΝΕ 
ΠΙΩ͂ 


" ‘ 5 ‘ - » Η 
Ξ9 [΄ : (cos mx +i sin mx)jdx = πίε vi cos Ya equating imaginary part, we have 


~~ } 
Ϊ στ -τ sin νιχάχ = fe cosa = | 
+X 2 


ao . : ] 
σον" fcxjdx = 2πὶ xX re 


; π- _ma 
——z sinnudy= Ze YF cose. 
og Fe 2,  ¥2 


Miscellaneous Definite Integrals 


at 


Daa aro Ant oe Lh Tote Wee eee D Nine sep t. mma “4 tian Fi ᾿ . 
ἐδ ῃ τρις. Fe wh? ΤΉ ΣΣ τ τ, OVA Sd δι κοὐ ele OL aye P's boty τ βα ἀνε Se 
Ν roete : 0 

“«@ . , , a? 


pesink 
Show that J, aes 


Solution The method of 
Fic, 7.5. However, since Ζ 


π 
ἐχετ --. 
2 . 
Problem 7.22 leads us to consider 


singularity, we modify that ὁ 
contour C’ or ABDEFGHJA.. 
Since ς = 0 is outside.C”, we have 


" | | φ ar, se io 
| c 6 δ ΔΑ 


or 


SRF ee Baste gf Ladi g ket gh . ace we 
¥ “ta . ᾿ ay Ἂν un 454 i POV YR ELST ΤΟΥΣ, RSTO LS seme 


4.55 gets 8 8 . ἄνω ie ‘ ee se ee es τὴν 


yee 


ole, sits 


are less than rand as such they lie within C. 


the integral of e//z around the contourof ὦ 


= 0 lies on thig path of integration and since we cannot integrate through ἃ oF 
| ontour by indenting the path at z = 0, as shown in Fig. 7.8, which we call ἢ 


κανᾳ 


εν 
One ree Ee ee ee 
PO ISAT ANY EAIN EPP ROA SOBA a «Ad cg dhe Bal 


~ 


ΣΝ 
ἐ: 
¥ 
7% 


a 
ae 
§9 
Fa) 
᾿ 
Pas 


σὰ ὸ 


᾿ de 
2 ᾿ dl 
τὴ fs 
5 ἐν 
wer: cs 
4 ἌΚΩΝ ui} 
Oren) 
νι Wf 
ἊΜ. 
ΡΝ 


ὙΞ pike Uae 
Ye BAShS 


pe ee 


$ 


ata 


Sip Ga? 
etl 


~ tte 
ἂν Ὁ 
οἷν 


Ae 
ΟῚ 
Γ᾿ 


Teen at 


εν." . ns cam ἃ ὡτὰ ae τὶ , ᾿ ᾿ ᾿ 

ἈΝ dia ας aos Tl ἢ Cie a Ee AE oR ee ee Ἢ tele οὶ ες δὴν 

EAA ee MGS Sg Γιά ont Eee 8A Ny nD 31 δ) NLS δὲ κατααταὶ ἀν σπου TEE NAN) SNS Cha οἰ adh A αν αν, IRE TERING OR ate το nae υὐὰν ad 
¢ 


or 


Lete- 


sinc 


Then we have | | | 


e the limit can be taken under the integral sign. | 


OandR- =. By Problem 7 
p= ein the first integral on the right 


7.28 Prove that 


Sf 


Solutlon Let C be the contour indicated {n Fig. 7 
and radius R. By Cauchy's theorem, . . 


- 


Now on OA, r= x (from x # 0 tox = 8) 
(frompr = R to r = 0). Hence from (1) 


- 


Be ae δ iat 


“ 
΄ 


fe. 


FA 


« 
«.. 
Oy al 
eA 
ANTES 


At 
Sa 


Sos ols iz 6 δὰ “ἢ 
κε, =e { de +| Senge =) τς Ἷ 
[ x dx + HA 2 BDEFG 1 , ἢ 
; : ἐμᾷ 

Ὶ ᾿ i 

| ἰς if 


ε-- ,.- — az : , . ; 
ape z a | aera g ee 
he right approaches zero, Lening . 


pRsink 
« χ. 


alee lat pata 


.2t, the second integral‘on t 
we see that it approaches, | . | 


ΝΟΣ ἡ 


Ea ae 


Ι9 


. 
ππαπιασκισιυ.». 


“ωπον ee, en 
SO φτνσος 


0. lee!® ; 
© ἡ =~ lim | ie’ 49 - πὶ ] 
τ €¢ dg: core 4 aye 


“iim 
κ ἐξ : 


<0 


te 


( git? 


nen 
ete ieee 


νας hn A, 


[ 
ae ee ee 
oo 
wi 


Ro: 


~ A τα 
ee. 


no me: 


ΡΣ SNS ae a a 


Rsinx ; 
lim 2i δος dx=s πὶ οἵ 
Rae. ¢ x . 
«-Ὁ " 


- 


— 
=a 


Ss) 


Re eee eee 


ha art Ὁ 


te en 


ms 


SIS 


ee ἜΔΕΣΕ; ἌΝ 


ιν 


aS 


Syses 


Po) 
PS 
-------ττ οὐ οὐἾ. τὍὌἘοὄτ τ τοσ πα παν σοι. 
Ἐν 


πο 


——— σνναο 


anne 
Sve 


ai 


Se SS". 


| ” 1 |x ; 


μι ard = Ι cosx’dx = 3 3 


9, where AB is the arc of a circle with center at O 
ert 


ae 


ee ee -.-.......... 
cate 


ΞΩ͂ς: 


ας δ a, 
RT, be Poh Fo 


SAN 
-“..... 


σον. 
an 


git dens 


ἐπε: 


. ᾿ 
{ 2 Ie? ge dz = 0 ( 
Vout dz +[ : dz +{ : 


| ‘on AB, z= Rel? (from @= Ὁ to G= πίά 


SERS 


χά 


a νι 


),on 80, ς Ξ τ 


ἥν εν μεῖς 


“-- 
~~, 


πε σι. 
σα ἂς πεν sae) 


--" 
uA, 


° 
a 
a 


Tee SE Ne el ee ROE δικόν ee Fee WA TPR ΕΚ Σύ, "Πὰν a ke ee Cet vel ene ER ete 


uf 


eee 
LLY: 


΄ 


τονε 


ππτὴππτοσπ τ σπ 


://t:sme/upsc_pdf 


https 


See NE OE SEI OWT LOL IE NT Pe Cae Se 


= 
Fae a 


oo 


Pe 


=. 


Pana. te 


Στ π at ποτε τ᾿, 
mo 


_ https://upsepdf.com 


ae 


id 


᾿ 
δ 


ae ta, 
πλοῦ 


“ey ἰδ 
Θ 
a 
ἽΝ 
oi 
i: 
Bi 
>i 
ἢ 
2 
ες i 
ow 
= oF 
fi 


αὶ εὐ ωὐρῶϊα Ἐς δὴν et 
ῃ "Ν Sow we’, 
Nh κε ϑηξ τι 


ete ὡς oo ae 
ΔΉ Δός ΣΎΝ and. 


Mee 3. Bie ΠΥ TTS Dee y 3) 
CRUE Tey deed a bocce ah AOE ΠΑΝ 


US | 1 ut Σὺς Uren? ᾿ 
nav = (T/A )UIS | ᾿ (Tlaryyuts _ 2 4SO9 Cathy un 
rnue? ΤΩ 09 . 
δι {ὦ τ 218 1 YSOI/,p9 JO aNpIsoy : 


, ‘Z/w Sid &q pesojaue ajod Ajuo oy 
eR TE Qau yy (5 + υἹ Ξ "91 Ὁ = 2 ψ,500 aJayM INDIO ρὺ8 9]1}]5 9:18 2 {500 299 JO 8910 OY] 


| | . {ΠῚ Bid 995) ς 
wey ‘yy + y Wy ye re 5901}19Ὰ uray a[suei902 BSI OYA 2p (2 YS09/,,4). $ JOpisuos _ «UoTnjos 
a . | 


(Z/ou)s09% _  X YSOD ὁ 
. 1 > |o| ϑιϑῴμι πὰ : = wee «! WY] SADLY OC'L 
i 2 ' : | 
ΗΠ ΤΊΣ 
“4 . 


a=] 


Pd? — (ad yray 


Yd UIS ινά- 
Gee = 


xu ΙΧ 


40 


x +] Ἵ 


X+] 
90 J 


ι- αἴ (jd yay jad? " 


PUIJ oA '0J9Z 
pur 0 = 5 se NUN] oy δύῃ 
εὐ 5685 oslo ou) punos gutos 
12 Aq POSvaJOUl SIZ JO Ἰυϑιμη 818 90) OUTS ‘AVO Buoye [essaiut ayy JOJ y ax = 2 posn OARY OA DJOYM 
gd +1 0 


*P δὰ ! [-αί 38) ¥% 


youoidde 5[8..89}0: YLINO] pus puodsss au) ey) ZulMoU pur oo eH Y 


‘ 


wer +] "{ + 


AU? = 
ἀγδη ax) 2 


ιγ(1 5 


. ΝΣ DARI 5ΠῚΠ, 5.4 


Ά 


ΣΝ μι 


. ἢ * asl oe ὦ "3 


κα λα νὴ Ce τα RIT γυδρα OL ATOKA TIVES Bo δ ἀκ ΓΌΟΝ αν an Ἢ 


Ε 7 
RE peat EF, Oe? OR Ee ΟΝ. 


» 
ἶ 
' 
δ᾽ 
ee? ea ἀπ Κα: 


δ Sida et eas ae 


} 


STEMS he as ὡς 


ἈΝ. 


τ 
Sar, 
Os 


ra 
Pe ΔᾺΝ hel rs 


lcs 


ὥ- 


ας τ UE eS 


et 
ae 


Le 


ToD = 


LEA AS 


ne hada 


Fe "2,5 


- 
π᾿ “πὶ 
Stam 


ἘΝ 
ΔΝ 


- 


Ee PI tet  Υ le ποτ τεσ Sl κα ope She χα ἐν wk TSE πα’ “ἡ 


ἐν τὴ ἐὰν Tee OLS ACA DEO EER ID OPTED Me dare! Satis Wg 
oo ck SSR NMR ea ne as πἰχρμορονηρνοιας 
εὐ τέρμ τε αἰ ἐκχεϊα εν λ eta ἐμ ἐμ "ὦ Crapper rsyes ΠΥ ΥΩ ΘΕ ΝΎ χα 


WHe HO¢ 4308" ὧν τ 
ον ‘puesdsaiuy ay} SuniwWo “0 
᾿ Σ ἘΤῸ 
j~d 
. Udy 
2+) j~er ὶ 
ind)? = ι-σί 9) = tt + 2) wy] 
: ‘I 


Sty? = [- = 2 18 anpisoy 
| Se ες Ὁ 93Ρ|50] [--= 2 oJod 91 4.15 OU) SBY ρυθ89}0υ1 ayy 
i ΠΝ ‘osodind [RASTA JOJ peyeredas UMoys 918 ing sixe x am yim 


JO INOIUOD 9) SBD BSOOYD "μ!ο δ YouRlG B 5} 0 = 2 BdUIS * 2n(2 + | I ea?) JOPISUOD υο!η!ος 


i 
1 


SeiqEUEA xedwog 


—_ ΄ ae Oe whee ~ ' - ° . i] 


a a ear = 


ER AUP ete a Ge abe Te, ae .-" το re “" κυ στλελετεΝ ‘ > H ~ oe one ve 7 oa ys Ree 
= 4 


. Ἐν ἃς ud us X+] 
. 8 >d 4 : = _ 0 ‘ 
: | J ΟΠ ὙΠ ς IU MOUS ὅζ ὁ. 
TAC 7 
Gp Femur δ =smyrsce δ Oe 
' 8 ΝΞ ᾿ ; ' ‘pasindas 58 SABY OM ‘sued Areutgeul pus [591 Zunenbs ‘os pue are 
CAT Ze. 0 | 
. " ΄ S9wooeg (¢) ua ; 
uaz Soyoeoidde (0) JO 148 οἱ Uo [egal puoses ou ‘oo  y se IBY) SMOYS 51} ΠΣ, Hai 
998) TW SOS 0 “/97S¢ uls Ayenbouy ayy pur ὁ = 81 uoneuuojsuen oy) pasn DARBY OM θα "> ° 
ΝΙΝ or ᾿ ᾿ 
. ( ye? DF = OP vba? lp 5 ὲ ' 
Ζ -. ' Ε νὰ — 
3 OPS 0 0 i 
Pousiy- ia θρδρχυν ν᾽, 5 Pa? ριον acorns? ἢ ' ᾿ 
t ; ᾿ 
Si (0. 90 y8y ou uo [e1soIW puoses ayy 10 onjeA anjosge 941, " 
υ) ἄλξ λζ, δι» Το ὶ 
ry, } ἘΠ ᾿ ~ ms? TRAP ὧς pay? 4 
ἱγ Ὁ] {9 .60}4 5995) ἐϑίμοδοα 1.8 μ SiN UO [2 89}01 15.}} BULL ‘oo ἐ- y SB (¢) JO iil ay) sapisuos 3A ' ; 
ies ἮΝ 0 of = 
ξ : δ er? Hloce gaat yu? ΜΕΣΕΝ, pw? xp( x US} Ὁ px so0) *f 
(2) "" | lane 
6 =d δ ae 
ΝΟ tall TOPE eo aL PP ia? f | 
| | = 


esa: 5 ἣν 
ee Ὁ - Ω PA ge 
beet eed tk? hess 


er 


we ee et el a ee ee ee PE 


———e 
= 


τ. 


CNT a ΠΑ eT ONS τΝ, 


SSS SS ΠΣ ΣΝ ΣΝ 


//t.me/ pian wae 


//upsep 


ΣΝ 


ee ee ΞΞ--- πὶ 
ΟΣ ω 


~ 


Stl 


LEK 


https : 


ΥΩ, oe 
22 


τ. 


= 3 


DLE 


oN 


ae 


or ae he Ν 


πο 


“--.ὄὅ- 


See a να 


com 


“παι Ne lt Te le 


- 


df. 
(an en 
Σ cieitlnd δ 55 απ ας 


POT erry 


e 
e 
SSE 


https 


— 
aes < 


<a 


ane oe mee 
΄ νειν 


7 
ἣν 


τῶ τς wy, & 


FR RN OD ST 


Oxo 


oY 


Tivets 
ΟΣ 53 


taal 


/ /t.me/upse pdf 


e 

e 
ew 
a 


Se ee ee 


https 


ee τ᾿ ἀπ ρῷ 
“Meh 
- 232 


WEA Meee a AIS IFAW ENE PEEPLES IELTS CS RESID TUS By 
oe” ge 5 : or qu ft 


a 


verge! 


. Ora 
ms ack ‘ rhe 


he ᾿ 
ee oly Mae ἢ ἧς 
oe Deseaengy. SUS SOCRNE [ATEN 


“ 


LATED nat 


™, 
μ᾿ 


Tee 


get eet niece ΠῚ δονκι J : : ἢ ; : a : ᾿ : " . ie og a Poot Mee ie ne 

ΟΣ CO on iain! πεν a!  ςεν : - . oo eis ἐν A ae ae 

EEE BOD FDGISdH /:Sajsy ἘὌυ{ἰὌὃψΒ ἡ 

© 
2 : : : 
Υ " 3 Vb ἡ ν᾿ 
- ν 
a) d δ 6 -. 4 
{ ͵ 

, Pe me ee πὴ j my TH rer, > ens ney ra ae eo. A ὩΣ Fa wit ORS “x gut ΠΗ " ᾿ ἊΝ ἕω "4, Liars eo ᾿ . τ εὖ τὰς τ εὐ δὴ Sry! ) ᾿ : 
“4 bi τι τι τ et ' A ᾿ < ' fi sat to . he, AP 4 ἵ ΝΥ parts . ‘ 7 a . Ὁ ἘΠ oe, 5 . 
᾿ fe tt i ἣν Fader Ved τά te φως et Sihd ἜΝ ΡΝ: ΒΝ ΤΉ ΝΟ ΤῊ ΣΕ evened 75 omarunsii Ee reece Showa Ἰσιϑνῶδη. wreak. τ νον σι gy 


Then, by tha-residue theorem, 


᾿ 


This can be written 


As R τὸ ce the second and fourth integrals on the eft approach zero. To show this, let us consider καὶ 


ar 


[εν 
~R cosh x 


4, cosh ἢ 


dx + 


et 


Complex Variables 


" ι οὐ(Κ +iy) 


(he second integral. Since. — 


fcash(R + ty)] = 


we have 


becomes 


since cosh (a+ m) 
Ι 


lim 


t- 4 


Now 


e 


᾿ 
and the result follows on noting that the nght side approaches zero as R —> © since ja] « 1, In a similar 
nyanner, we can show that the fourth integral on the left of (1) approaches zero as R =» 0, Hence, (1) 


Jim. 
R het ow 


— 


R 4 


—— - 


J ~R cosh χ 


J 


R+ty ΕἸ e Roly 


--τ΄----ἝὈΘΘὅ.Β.... 


4 


« 


ἐπ ett Rtiy) 


cosh(R + iy) 


J 


a 


a 


π cosh x 


— 
— 


0 


cosh x. Thus 


Jo cosh x 


e™. 


— cosh x 


dx + 
Ὁ cosh x 


> 


2 
2 


idyl < 
idy/ $ |. 


dx +e?! 


dz = 27i(-Ie 


0 cosh(R + iy) 


idy + i 


anvey = 2 πὸ 


.€ 


ink 


o(2>71) 


cosh(x + σὴ 


otl-Rtly) 


{ 
x cosh(-R + iy) 


>» 


ot SG aa ws ‘ we ee aes + kas ΡΟ Νὴ τῷ ; 
wis eaten τιν ον σιν δον ivy δὲ ρα aN Dela δὰ Fa sie, 


dx 


i dy = Ime” 


te Ag ‘awed 


(le*¥|—[eF¥ ἢ τ προ eh) 2 Set 


oR 


εἰ 


R ar 


J. 


6 
R cosh x 


dx 


ame 


p+ et™ gM 


é 


aa 


ay = 


Then, replacing x by ~ x in the first integral, we have 


batt 


[Ξ 
0 οοδῆχ 


dx τ 


κ᾿ 


0 cosh 


from which the required result follows. 


7.31 Prove that 


Solution Consider φ. (In(z + δ) χὲ + 1} dz around the contour C consisting of the real axis from -R 


-” 


Ὶ 


ιπ(α] + I) 


— dx = πὶη 2: 


Pe ae 


dx 
x 


— 


to'R and the semicircle Γ΄ of radius R (see Fig, 7.12), 


δὼ Tree νδκ»,».".» fe, 


a afa ν"- 


NES 


SEPEAYDNY fy MERETIDNY oe RTE OEP ET HES ALAN FEES ISRO 


τὰ λιν ete 
' hee 


wee 


“τὸ 


"1 


τερν τεννο σε τες 


We dy = 476 


— 
— 


. 


2πε 


{a~l)& 


ar 


cos(7a/2) 


π 
"σοβ(πα}}) 


— 
-- 


τ ξ 


at 


nite: 


fe tie ate th] 


SB hottest των 


i? 


‘ee . Peo ia 
een! hea Ad tas τὰ [ως Ἢ, 


x eps 
πο σὰ 
> or 
rT = ~ 
ort ," 
ne hs 
ie 


nig ς- 2 


ἡ tre μ᾽ 


Baten) 


aie 
Wa 


saree 
Reon 


(1) 


+ 


.» 
et Waar St δου ορυστᾳ 


ταῦ 
hides 


tomer τ τὶν 


sre 
Hi 
we ob 
ee ee - 


, or nex 4 
as oh Soe 
ΩΡ Ὁ, 


τ NS Σ ΡΣ 
LE enna 


Md 


on Weds 


oat 
. Sse, 
pn ὁ pt 


otras 
is 


< Fy 


ay 


ave - 


. 


δι ee 


ee 


er 


\ 
1 
a 


ae 


demneres 


om. 
—— 


ae a 
Irae pected 
δ Το ΟῚ 
convene 


. 
Sd ce | 


pnw ts 


ee 
Ι 
4 
1 


al 


The Residue Theorem and Applications 


The only pole of In(z'+ i)/(z* + 1) inside C is the simple pole z = i,-and the residue is 


in(z +1) 5 ΠῚ 
(z= ἰζ τ ἢ 2i 2 : ἢ 


lim(z —.1)' 
tei 


t 
Ome νὶ 
Scie eed 


ΐ 

Hence, by the residue theorem, ᾿ , ! ᾿ i 
ἢ : i 

Infgti) , .:, 52 ἢ} ΟἿ ,Ρκς 1 4, | a τῆς i 

φ. nee ao 7 a ae . (i: 


Pate 


on writing In(2/) τ ἴπ 2 Ὁ ἰὴ ἐπὶ πα. 2 Ὁ ἰη στῇ =1n 2+ 0/2 using principal values of the logarithm. The. 
result can be written - ke eo α ὦ Ὁ 


> eS ~s 
a: — ee 


Sarvs 


= 
ame 


" In(x + I) ay Σ 


κα xt εἰ 
or ὴ = 4 . . -e 
0 In(x +i) Rin(x +4) In(z τ ἡ t 3. 
dk + ἐς Ξ- πια2:τ- πῆι 
J e+ Ὁ x +] Γ χει τ. 2 ΣΕ Ἢ 
Replacing x by ~x in the first integral, this can be written — . : 
R\n(i +x) in(z +3) 5 hae 
dzanin2+-H7'I 
δε] Petal 2 : 
or, since In(i =x) + In(i +.r) = In(i? = 22) πε In Οϑ + 1) + πὶ, 
R πὶ 
74] 


har 


me ae re ee ee 
“- 


af 


a 
- 
a 
“a 


pla ebay cai 
μονα nk 5 


+ 
ms 


dx + 


i 
τ 
a 
es ν- 


NT 
bet ieee 
et ecient 


ts 


dx +: dx + 


αὐτὸ 
0 yt +. o » 


| 1 9. - 3 
dx + | ἀκα fT Peds minds π᾿ (2. 


O x 2 


As R τὸ e we can show that the integral around I approaches zero (sce Problem’7.117), Hence, on 4. 
“Taking real parts, we find as required, 


[᾿ in(x? +1) 
0 x4] 


ΩΝ 


- 
re en tries 


ST pg των... er ye 


or 
yee 
= 


SVS SR KN 


A Ae 


dx = 


ik In(x® +1) ic In(x* + |) | 


0 κα: ay = W\n2 


τ΄. 


ἘΠ 


- 2 
7.32 Show that j, a 
+x ! 


| ᾿ ; log(z +1) 
Solution Consider I. fi2jdz, where ΚΖ) = ame 
semicircle 7 of radius R together with the part of the real axis fromx=—-Rtox=R.° 

Poles of Az) are given by ζὸ τ 1 30 τῷ z=/, το are two simple poles. Out of these simple poles only 
z=i lies within C, - ; 


SA rR πος A ἐς, 
weauh Sree τ ἧς 


and C is the contour consisting of a large 


er 
SN eS PO 


7 log2+= 
lim(z-2) log(z τ ἢ - 2 ! 
οἰ (z= A(z τὸ 2i | 


Residue (at z= ὃ = lim(z = i) f(z) = 


cal 


SSS ee 
UN ee 
b Sistah 


By Cauchy’s residue theorem, 


Tt | " . ᾿ 


; 
2 => [gf] saae =2 log2+ το 


a 


a 


log 2+ 
at 


a 


tats 


[ f(2)de = 2ni DR? = 2πὶ 


Fr . 
Ce AS 


nn, TA .ς... 
Sti 


b. 7 


re Ee Coe OL Or hts PE CLeT Os Ort. irs eee aCe STC 00 0 er ντέν ἐν γεν τ κτλ ἀκ μέρν με μὴ Δ ν κλλ χα  λεμναδ ἀνο δ ἂν 


"ἀν ΡΝ Ὁ 


TITANS ee 


- 
Seabee ee 


//t.me/ upse_pdf 


& 


eae ied Re 


a ετ 5.5" 
Cea pe 


https 


ey 


wake a=} tin 


op ee er ee ee 


ead 


i 
i 


Peers 


ἘΞ 


RPSL 
Se hw 


—— 


Soap Be 


com ᾿ 
FRET Pare 


. //upsepdf. 


ttps: 


h 


Bowe th 


σις oe δι απ ΥΊΜ τες 
π΄ ναι δον ἢ 


παν 


τοὶ CT FE 
cain hin Slated te 


“ne 


pdf . 


SEN eS Ste oe 


O hy 
D an 
Qy fey 
5 pa 
~~ i: 
ὦ RY 
= a 
δι 
e i. 15 
Ὁ id 
— δῷ 


‘https 


- MON aes, 


awe rer, 
=> 
fre <ee 


a 
μ- 3 * 


ταν 


ΠΗ ἘΣ 


Ἂ The ΜΝ SRS sgh WPsntdeneenelensoanzaeras ἊΝ ΧΗΤΣ ἣ arid ΠΗ aiteiSocr sobahestenateanade ΔΊ me ἀμ : ΣΙ Vibaaadiedase den acncheh . ᾿Ξ 
: Ὁ Εἰ 
ee “ : a 
Dz v : (0-Q)u = xp ἽΞ (Ὁ - 4) . a) | | Ξ' 
(2 + wer)’ or =Q+ να) "(+ va + xp(x) f A : Es ~ "X97 S09 = X07 $09 » ἡμῶν aed ΧΩ 509 ~ ΧΟ 500 » | ie 
Ton hal = πὰς Τὰ ' Ἂ : x τος | i 
" (2) υἱ ο εν foo ey BUNT satl-om ‘septs (004 10.) ped 1691 Sunenbe '(9 -- o\v7— = = 5 _{ = : 
, ges ‘Te 41} στ! δ 
‘ & jo UO IedIp DSIMAIO[ SAIVIIPUL USIS aANESIU 919 Ὁ τα) = 2p(2)f [μ.. “-7ὦ . ᾿- ' ἡ ."-" | i 
a (4- ογυζ--Ὁ παρα) f [Ξ οπΞ οὐ ρα)" τῷ --ολνζ + PHS | | 
e λιν Fy as " ᾿ : i ΝΣ : 
ae ae yy + τοὶ ἐν = (2) 2 oH oe as Ὁ UL Ged pus oo & y BuryEW ‘vonoastp astmf90)9 Ul poquosap si 4 a i 
| mi? ᾿ fe VSNEIOG VANE) 51 USIS DANBSOU '(q = ove = nore 2),(4-- ete = 2p(2) f ” wi ‘oye "Ὁ -- 2)Z = ἢ ἰ 
“ πὶ β| pjostd at sid pue voNdasip 95Π ΛΑ ΌΟΤΟ Ul Pequasap sid qsay ‘2p(2) f [ εὖ Pes , | ἢ 
; ea ; . ᾿ : 4 2 = .-- ει ΤΣ ὁ 2? Qn? i 
whey: (, DF 2)2 me? UG OF ,2)2 3 | 1 te et - = (2) f2 wy “MON 2 
pt uu Q= τες WI] souls ‘zp byt ΚΟ ] =") πῶς es a | ee ζ ΤΠ Ἢ τε πὰς ; i 
\ ΠΩ ; ip 2! ap Dy : δ 
τ. ᾿ ΠΟ τὶ 2° εἶς | Ἷ a 
ῦ ὌΝ at = [2 919.110 ot st 4 pus UONDOJ}P 9S}r-YOO}O υἱ poquosep sid ‘2p (2yf NY 
(2) (z+ wo)’ as Ξ ΕἾ ἘΝῈΝ οἱ ae wins os i ads | Εἰ 
wo Bt ge μα} ‘o=%— E> f wi mon | Ὁ ἢ 
ε π᾿ ~ we) fa 
(ζ + wv) — ee 2p(z) f [ + xp(x) Jf iC 2p(2)f [ + mes | δε 2 | mu ‘ ae % ᾿ 
wok at 7p —— = wp (2)f°f =] saey on [ σεν 
Rie au a \ ἢ wy 
Dp » , BAG 790! 270! ‘eo i Ων πὶ 
(+ τ "τ" «δ (μι = ἸΡ(}} J ἘΣ ΕΝ: ὍΝ sp dp ye Ὁ ; = ἢ 
μα , Ne (2) O= "7+ 4 4!) 0 0 = 2p(2)f {+ xp(x) f ΝΕ 2p(2) f {+ χα) [ an: ΡῈ. 
, ᾿ ‘wasoayy anpises s,Ayonep 8. ὁ ee 4 ) | ΝΞ “- Νὴ 
Pp : ne een = 2p ΩΣ τ “ΠΟ 9}) onpisod 5 «ἄψοηθο, ἄᾳ vousjy “, [ = 
Gs er <= Sar)? . ἍΠ  UOIBIUSPU] JO [JID {δὶς ᾿ i ἢ 
ἌΣ oe gO Ones θῃ Oa PURO = ΣΊΘ ρθθϑρυ a [2 {ouporuses 9815] B 96 ΟἹ 2. sNOWOS 9ῃ ϑδοουῦ oA Ν Ι ᾿ς ἢ 
(10+ 2) 2 on | 7 ae ΕΝ "5|Χ9 [89 9ιῃ UO 0 = 7 18 dJod B sey UONOUN) VoAls 91, Γ΄ ᾿ A an: 
! 7 (10 = 2¢ — 2D = Wa? “ ΠΟ δ Ἢ ' Ὁ οὔ {0 ἡ 
| | | | ae | wn ony "2p ( ay Ἵ Jap|suoD uoTINjog ἢ 
| : os 19t)° "τος! " ; i, 
i (10 2) (10 = 2)2 : ἀν χ : a 
Fs uM Ἵ (10 -- 2) = (2)f ρῶν -- 2) = (2) ὁ “MON Dm ξ ὃ : a τ ἢ ες ἡ 
run? : ᾿ς " ἵ ὑῶν *P 97800 ~ 307 S00 « Ϊ ὅθι} OS TSO IM MOUS CEL ὶ ΟΝ 
- 2 1] - : : ᾿ «Χ 1} | | [+ ¥ [+ ὦ =a ; a 4 
‘ = = Ξ2 oo i νὴ Ἢ 
(1) (10) ὁ Gaye (10 = 218) Onpisey ¢ 30] 4 = xp τ ΤΙ oc = 7 80x = 3p ΕἾ" ἐξ ζ 801,2} = xp 7 | i ἣ 
a ΦΑ, ᾿ τ 80,5 " (T+ ,*)30] τ . Bo. ἢ 
| : * ὑμμμὰ . a ἘΕΕ 
91] ΠΌΤ ΔΑ (OM) 99090) A: = 2 Kuo asooyo a4 4(om) Japso Jo 59) 10% yo = 2 am (2)f30 splod pe , ‘sopis inoq wo sued [591 Sunendy . ἢ ᾿ ig 
‘SIXE [Bal OY UO 0 = 218 gjod sey (2}f uONdUN} UdATS SUL 5 hs ζ . (+ 2*) soup mie yo [0.9.2 Lpwey , ἥ Ie [Ὁ 
a 80 ' ζ 9.10}9.19 " - ᾿ a. 
OO) ἐπε ey 0= [05 τίσ + 22)? Aq uoala are (2)/ 810d Zoi} = “2 ΣΩ͂Ν .} HHL oO) MON Ὁ = νεται 1 Ἢ ᾿ ae Ἔ ὃ 
Te "( $2),“meed (Jaz) mer (Ὁ 2)0 τ . | fF + 
heer ger 7 8. + 2)(}- 2) we? 2, > 48 | ἢ 
= (ΖΚ oy 2p(2)f | Jepisuoc) * yonnjog = {|| - wy = ‘ ἫΝ κὸν 
με J a | “OF Gy apm BST aoe OA ἊΝ τ ἢ 8 
D - GOP, γϑῷ «(ον Ὁ ᾿ ἘΣ ΣΝ Ἱ ἢ 
, ᾿ ὃ «Ὁ Ὃ < Wasson ἢ π Έ ΙΩ Ἰνω- 9 text τ ᾿ JEU) 9ΛῸ4 γον [Stee inal A a [+ να ac ες Ἢ i a 
ῖ ἌΝ ag * C8 = BP ae +? τ» y tf 8 @ 
: Ε ΠΝ 50 
| re 
; εὐ ϑυρηθο! σσν pue Weloayl anpisey aut er ὦ : Νὴ ] a. ᾿ 
- | | ; go et ἢ 
: ἡ or : a "- ἢ ἑ Uae Von sr ’ aa 2 
Ἧ vw ἐ ΓῚ ᾿ ᾿ : τ : 4 : ea pe toe nciahen eniharnns sow ng aneeer ΝΆ fe cee τ τοσπλλήεδη ne, Seren ree - τ wee re EUAN αν τ τς Ἶ 
ae ee ee er snmanaiavsuayl rede 9 ten PS ON PIE CEA ν ΨΜ Pav Qap RDO AARAE WG λιν αλλ τὸν RET Sen ἐὐ peWieadee chee eT Tet χε κρῖ ge BO ae εν wee a ANN a AM TAROT FTE Ae Oe eb ae 2 
ee « - να a a εν aw ay HF Se eM RG Ee eee Me Oe eM ς αὐ. et rae ee eS a ee ae ee ς  ὐ π. διε, νει. , εν. «ἅς τας : sehen a Swe Re “284: ene δι. Νὰ wor tke ent ͵ “Ὧν vera ’ . » . γ., wr - τῶν πἴ τὦ 5... 


Sica wanes 

a , ' oe eh ; ais va - ye oN 

asta ΝΣ a ats (ae, ΑΝ ὧν Ἀν ρὲ eae ΟΝ Bog ot ἃ : 
ee μι γι PIN MER Tet Pee APE he pore dsb © Te er Dh ὅν; ΠΑ 


Bae ee eet ST rrp era 


: "(ανη ὁ 2) τὸ [Ὁ 


eae ΤᾺ 


. , ' ᾿ . ' =i 
, as 3 € 


~» Sine 


- 


“ς᾽, Equating imaginary pert, ἢ στ τος ἄττα 
: ~ βίη | 2 ai 
or => dx = —~|]- am+ 
=f x(x? +a’)? | . 2a4 2 ( m 


x 
*, 


//t.me/upsc_pdf 


e 
e 


x" 


dy 
χ eel 


- https 
1 
OA 
a 


7,35 Prove that | 
0 


4 
bd 
v 


Solution Consider I. f2dz, where ΚΖ) = 
: pic 


— 6 6 
& at  _ axl 


oy an 


ἢ. Kol radius τι and τ) respectively. ς 


£ 
© 
Ὄ 
= 
=) 
.᾽) 
μαι 
a) 
= 
al 
& 
Ε 
© 
Ξ 
of 
ω 
= 
ω 
an 
Ξ 
om 
Φ. 
= 


ἐν αϑ - | =O= ao s'l,. 


Residue at z = αἷς tim (z7~ 2 fz) ' 
: ' isa 


‘ 


15 
Ξ 
ΩΝ 
! 
R 
— 
τ 
5 
ο. 


ra 2 -Ἰ ἐπα 2 ~ αὐ 


Residue at z =e 


; in 
* + Residue atz= δ᾽ Is 


= - 

; + - 1 = : : ai a 

; YR τι ε5. τῶ 5Ξ -5.2isin| τ 
i : 6 6 3 

He οἷν oe nar a eras reas oe TEMAS ey Ua sa ἣν SS Se TN i δὰ 


et AP Ae ον eS a Se ee ἠδ πὰ πὰ π᾿ ae eee Cae 


‘mi iene" one: a ἐ 
~ COS mix +/Sin πὶχ 
2 2y2 


“2 
dx = — 


- Our of these six poles, the last two having their amplitude 


e oe 
f τ δὰ 


Complex Vanables 


. mM 
d= — 
+a a 


l= 


— am + 2) 


᾿ 2ne  , , QAR μά 
πὸ 2 τ ο05-- ὁ ἰδἰη ΞΕ τὸ Σ Ξε ' 


gai 


szsle’,e? -lLe’,e!, 


- 


ΜΉΝ 
“πὰ -- ΜΝ awe 


he Π . cf Ly ° Ἰ a . 
Te Ott eee y : Saber rts oo 


: ἣν " : ‘ 
Poles of f(z) are given by vee l=O0mz= (ἡ) πὸ 22 (cos 2n7+isin-2nz* (n=0, 1,2, 3, 4, 5). 


more ihan wdon'tlie'within C. The poles τ 
a=e) α΄ «εἴ lie within C, where as the poles given by z= Lz Ξ -ἰ lie on the feal axis, | . 
We choose the’contour C to bea large semicircle |z| = R indented at ze-l,z=! by small semicircle 


Points A, B, C, Dare -(1+ πη), πὶ 47), τῶν 1 +7, respectively, Let adenotes the pole within C, 


EERE N AGFA PF τας AMEE AME AS ara et gt 


me ,» ete § tee to OE ὙΠ 2” 


ἡ πιν,π e e αὐ Ὁ11τπ5  e ΠΡ ΡΤΑ σι eT 


Ἔ 


Shee 


τ mye tL 


» 
5 +8 
ποτα του «κἱ 


ta 
e. ὦ μ ν 


l 


Life 
Fast 
Ps 


ἐδ τῳ 
σα ΩΝ 
hla 


eis 


“τῷ; «ν᾽ 


‘ta 


= 


Pe 


me 


« 


SF hist 


Some 
aah. 


Sue 
ἌΣ ΠῈΣ 


ΗΓ. A το ας 
τη λρπιρα: 
ΞΟ ΝΣ TESS. - 


seat 
SPR LS 
aed 
ne iy 


2g 
Pata 
we 
ν 


ΡΨ ΨΙ 
ame” Fa 


4a 


POL and are 


oS 


Sascaede 
OD Er. nr 


ray 
~ 
phases 


t4 


ΠΆΡΕ. 
Ἶ ἈΡΑ͂Ι 
ete κὰν. αὶ 


Ζ. 


αἰκεοπκ δ VANE 


Cine 2 


aa ΩΝ = Es: 


Joe Ye acy So et 


Tee bee see ὡς eel me i) το πε 


et 


re ——————— 


Ne Me rs 


fount came 3 


‘ 
. 
δ ΡΥ 
t 


> ὰ 5 of . 4 -, 
τ ΔΏΣΩ κι νειν νοις 
Ἢ : re ᾿ 


’ 1 


By Cauchy's residue theorem, 


τὴ 


oR 


of Γι Γ()άχ τ Lf (z)dz + Ϊ 
Making 7, ry — Oand R00 


οἵ Γι δ τὴ th th = 


ie het ὁ ἢ 


«(τὰ) 


he Ce 


J3x 


3 


lim (2 +1) f(z) = lim (2 +1). 


pari tel 


‘ 


= lim τὶ 


* ; a 


4-0 


pe 


a" 


fe fade = 2m RY =? 


4 
Ζ 


ΝΥ πὰ τς ἮΝ ἐ 


te 


iv ὧν, ory 


-3ὶ J3x 


πὶ —— |= 


ἫΝ a. 


fader flade +f 


ΓΞ [, f (z)d2, γι is described in clockwise direction, 
\ 7 


= lim 


R 


[τ ας + νῶν [faa +] coe Ns, f(z)de + ff (z)de = 


τω. 


τ΄ -1 wl χ᾽ τὶ 0 


524 +42° 


625 


| Jim | fade = =i[-3}7- 0) = 


$-4 


=f 


178 Ϊ, [()άξ, καὶ ts described in clockwise direction. 


-τὶ g 


lim(z =!) f(z) = lim(z = }). 


“"]} 


4 
Zz 


—— = lim 


ὶ 
6 


rl 


7 


4 
2 2 0 


ee] rth hed κ0 


| lm jf carat οὶ 


yd 


4 
I= | f(adde= ocr | 


lim of(z) = lim z. 


pie ΠΣ 76 -ἶ 


? 


Hence from (1), 


᾿ 


‘ BE SPE NER Sa MG SEER RC CE ONS Na Ne EA 6” 
ed Wias : ew a hae CE PR TT EO I ee yee 


αν UN Te et 


λει." 


owe 


re ee τ -- -- 


«βπ 


2 


oath 
w 
eR ee a ae, ee ee 
oF ν᾿ έν ας . ο"» geet (ἡ ee . δ πεν 
ΕΝ ΤΑ Xe bate τὴν ΝΣ apr i ἡ 


Σ 
͵ 
.9 
- 
-- 
1 
. 
af 
- 
. 
ee, 
- 
" 
"ἢ 
me 
. 
’ 
- 
we 
Π 
4 
‘ 


1 
H 
\ 
af 
i 
1 


mB 


Fee 
STAN δ 
SE AD RAS 


apes 


τῶν, 


eae 


< 


τα 


pane a ae” 
Sa τ 


ae ee Na ee 
oN 
oe 


=, 


he 


Se Nag 


ee πο ἀτν 


<a 


A 


=, 


Ata. 
Ne τς 
Snes 


ee te 
ace AN 
ee ne 


re 


ἘΣ ῸΣ 
fs 


~M pn -. 
ce 


OS πο ear rn a he 


ae ιν 


REE OY, 


ΝΣ, 


aan ee 


$a re ey 
pn bal δ Ὁ th el ει 
A ae alae ere 


nk αι, 


~ 


— 


Siok 


SS oe 
Sheek 


a 
SAS 


που στ 
eer ae ον 


= Ft etal 
ως να Δ Εν 
πα νας, τ. 


oan iat 


et ee Tee 


ere 


baal 


peta x ὦ.-...- 


St τσα τ λων 


te ον 


νὰ κατ a eee POD BEEN 


- 
a 


ΟΞ ΣΣ-Σ -:-τιπτα 


Le he 
δον, ale en ο 


a eo a DY 


= 
aa 


a t.me Ἷ upsc_pdf 


tps 


htt 


com 


//upsepdf. 


5 


http 


//t.me/upse_-pdf 


https 


LP OPN T: 


πος 


πο Ee, 
δ σου. οι 


υ 


τι 


I ας 


ΡΟΣ 


τῷ πα: 


Ma REMRT ES 


Weed 


res Epa ΟΣ 
Sad Sana ται "-- 


Ἂν 
στον 


ae: 


ae 


en eg ἀκ, 
ne 


evs 


be’ ris 
Cae ee : 


Me  ' αρο 
Sa 


το ween nee 
cio 
rear 


μέ εν ΝῊ 
eR ee ee 
Ba me Ὁ. 


NT a TS Ie Pm ko 
3 at al 


z 
Rate en ee st 


Paka 
aS ore pe 


rien 


owe Sd ΕΣ So 


ες aoe 

Lath 
"a 
a 


. 5. 2» 


- rm are Me gts Bas eA χὰ δ Ὁ ME ie 
‘ é er ib} ' 5 Gig ip 
ἐμ ΠΡ ΤῊ ἂν ar ore 11 Minas Leiba wianert hie ΟΝ HOUMA onsen, 1 


' ¢ 
; ΟΝ -- τ = Pye us uy 1 
uy 


‘ el 


pur) ἊΝ (9 - ζῶν =¢ Bune] Ἵ1π59} ΡΘ1ηδ9. om jo ued saysiiqeiso Wau 
(yo | uy <= gpg soy ᾿ 
ζω 
. Yotyas wo 
» ZUlx=gpg sory I ζ- = 9 Pg ,999 ee Ἷ 
"(1+ Ue) w 


PUY om “1 ὦ We]qolg JO }}.Π591 91ῃ ulg uv) =x BUNS] υ}}Π|ὺς 
; 


ce | ae 0 
Z Uy ΧΡ x Soo ΟΝ a Ὁ ἘΦ ὅλος 66 


Ϊ 


{χι- dy ens (Ε π᾿ σ)(1-- 4) τ-- τσ a 
ΠΣ αἱ Ἔ a ᾿ρουχενώ a wi = 
᾿ af id 


5 ΠῚ ἫΝ (¢~d)(zed\ ied 
c=dpuvz-=d | = ὁ sod apduns yo SEEN 4) 1 ρραριδοι aun yo uns = 


id a 


ap Ὁ: ΠΕ ee wz 


id? 
ay ea INZ+ ἀγ -- 4) ond, we (ς -- ἀ)ίζ Ἐ 4γ(1-- 4)}} “᾿ Yad 
ω5.ϑ ὁ edd γι re παν Ἰκ]. ᾿ 


BABY OM *CINUUOJ UOISIOAUI ices δίῃ υομπιος. 
(Ged Zed) 4) " 
.------- ““,, ἡ 


ἰ , | 


Pury ΟἹ anpisar Jo pours ot 950 86 


δι δ d νὰ pe d qed" 
= Stam = ο-υἱ Ὁ ey Ξ 
a ] 99 a? = ; 7 


- 10? 


v=d purges d aiod ajdunis }8 el ας 


"τ΄ JO sanpisaa aig Jo uns = 
aT 


ε" ' , " t v ‘ ἃ . δι Ἂν 
a ᾿ : : y 
‘ . ἢ Ι aaa ' ' : 
᾿ - - .» 
' “ ἠ πω ἃ οἱ Deane MS BEA πυσπέμιν ETAT στ VOTE AT OE 
De ET ER Met ART παι Pat adits iba, TEED AEG τ Ι 
a 


ΟΜ γεν ee eh et eg ee Oa a οὐ εν κα hit, el op ete να λοδε 


nokta 


Berets Sacre 
ase ars 
an των, κ΄ rt 


Τὰς 


a 


EPP ER cy 


Papen 


oa Nag 
πὥξο ως Ἃ Seal 


ink 
το: ΞΡ" =: 
tei 
efits 
-" ewe FS: 


ca 


rakes 


= 
roe Tt Wa 


4 


ie 
Ve 


a bana παν 

ΓΑ ΡΥΣ 
Ξ9 
we 


», 
ι 
att 


A 
A 
ΤΑ Tate 


i 


oe 
ἐπεὶ 
Hy 


fears 
* i « 
TLATT; 


Ὁ 


aL, 


ψ' 
wren 
ae 


δ rg 
ΠΗ 
ett 4" 
RAS Sar 
wig Pty | Y 
PES at 
Mtg hy 
i: 2 ἔν 
τς 
ὍΝ ΤᾺ 
wy 

4 


be hd 


AEN 


a> 
Pe 
Beas 


Bye 


"» 
4" ἡρὴ ) ν 


rt ys a 
Bae oy 
eet at 9S 
5 ay A sith 
᾿ ΗΜ) 
ates. 


=<, 


vo 
cee oan 


Se Pe 


— 


t € rt 
Pe ΟΣ δ Le Ce ol 


rye 
th ates 
Pena endeie 


(-- ὁ d py- 
se fanaa rid 


Dind » If = 


oid 


= (a7 


D , 


f oop ' 


[Ἱ-(ῳ»]τ = τα} 500 


pus (6) ΓΞ ((}.}}1 PUB 


10? 


18 psaure vonouny ui J Upojsuel] Saiiesa OSIOAUL OU) }}95}} St (4).f YEU) 


‘YONtIZ9}UI INO}UOS 30 poyyow 9} Aq“ BA0ld * —— = ()y poyouny elf JO WOJsUBLy: 9901 8 ou) Puts Ley 


{= 5° 
6 led pied (Z~ 4) jena 


;= — WI + 


Pxad so €) me p 9 | 


if? 


7 = d 90d ajqnop pur y= = d ajod a[dwis }9 


JO Sanpisas ay) Jo wins = 


72> 2005. 


dp οἰ [= = ap 


ε(ζ -- Π)(1Ὁ 5) ote z [(ζ -- 4Χ1 4) 
id? veh fs I if 


7? 


. BABY OAV ‘BINULIOJ uO|siaAu xafdwoo Buisy vorInjog 


6 {{π-4Χ}- 6) | 
ὦ Oe aie τ 


- Tlf] MOYS ΟἹ ϑπρί59..20 poyroW aU a3). ος "2. 


Χσιο μ-- ν -- ' 


Pe oe ee Le 


π- - : ry om > ᾿ 
δῇ «πῶ EA, ROG get om on A Dog roa ae SNe pitas a Oerere eh Coe ΠΥ Ot hi 4 λιν ΣΝ 
. 4 q τ L 


//t.me/upsc_pdf, 


https 


BINULIOY ne? xajdwoo Aq ‘osty 


= (λα 191 υδῃπιος 


df. 


EN τον a a NN ae τ ee ππτπροΠρΠπ-σΠο“----. 


SSeS 


ATS PAS es νννλον' 


//upsep 


~s = 
Ὁ 
Φ 


᾿ς https 


a 


= 
Cx 


-2--- πῆς 


™ 


EE NN, Me ea ct oy BE NE ea a a τε στσς 


elt siete 


SS On Oe - de Pasa ool 


meee 


een 


bebe bo 
Se ee we 


Ne ee, 


NOTIN eps 
= i 


Ee 


a 


SFT LOS 


souya sav 


Feed 


e 
emcee 


23 


com 


se ewe 


Ses mere tery 
Sate koe 


xt 


G 
ἰδ. 


wre δῆς pce 


vee 


ry 


pdf 


ς: 


-me/ups 


f/t 


_https: 


‘ 
See nate peep eat LE gy eee ot ae ot 


om 


21. Ὰ 
: ΠΗ ΟἽ 
Sar τ ᾿ς See eee tne Dy? 
ry '"» ἐδ 


pse 


Ἢ ? . 4 oo ’ 
“a Ὶ ay f : i : 7 ΤΣ ΤΣ anes ζ. ἢ 
Vvara val  μχἐναζαρια 5 4" ἐδ} mh pre ΤΣ ON cheat EE pares ff 
“wa, Ὁ" τὴ ; j resent 


- . oh Sil vo : «ὦ ΡῈ oa 
͵ , ΙΝ an Ἂ “ον 


Bee ~~ Pa , oe , 
Ἂ : 4 


e 
2 ιν . εἶ ie “ . ‘ » “ 
er nn rT On ee Oe. Κις. POLS ete sv pemad eda. . obese hd , Dates 


/u 


. (oD) δ 
ΠῚ . . 4 wenae ane ae . oe = τι ΕΣ : me τ "ot ΟΊ Ἶ ᾿ ; τ ᾿Ξ: 4 
" 7a ἡ ᾿ = ° ~ δ 
a ᾿ fy 
ain ἐς : ; =) 
' 1 ᾿ & 7 ᾿ eo 
te - e ᾿ "» ; 


Complex Variables ‘ 


https 


rao 


Δ 


S 


aos 
ey 
4 
LS 
Sea 


| . 4, ν᾿. } ᾿ ἜΘΗ Ὶ 
| WDM) | gy edie a | i 
oe ᾿ rs ‘ ; . - : us " 


ie εἰ 
vt. 


Fa le Ne 
wo 


ν᾿ we ἈΝ “ 74 r ST ee A: 
_ SUS HY τόμ. κάμετ αν ee 
. yp ta fy Pee Lay ee ΣΡ ΤΉ 


ΟΣ 
ry 


τ 
mS 


ἡ ac ‘ 


pore 5 


EN eee ING 
vega ΤῊ τ δὰ, 
7 ESM iN ἜΑΡΙ aN) 
Ἐκ is Sei oes ERA: vi a at ἢ 
' hake nary, Ἦν ale ah fe ΓΑΔ - 


se i Va 
peng A 
tay ni ei ey me é 
kt en, “tne es ἣν ee 
(N+ 4)(1-i) | 


re νας 
“τ 


Σαβα ee a ee κει πιααι 


πον. Ὁ 


-me/upsc_pdf 


//t 


ως; 


j 
< 
w : ; - ον, κὶ ὦ 
e ' e ᾿ : : “ ἃ ; I Ξ "ἢ 
Ξ ἐπ ἐν Ὁ 6.5.2 
Β- ᾿ ᾿ ' ᾿ ΜῊ ~ a 
' . σι ὦ a) x 
ee . ‘ a == ἢ a> “4 
o SS . ' ee Oo τὶ 
τ — ᾿ ΕΣ sf D: ἐ 
J! a te ' ἢ a ἢ 
Ξ -- ΞΕ 
κι : ᾿ : ᾿ ες ἀραὶ ἢ ~ Νὴ 
: : | 3 3 a ὩΣ ἢ 
fo ὶ aia ᾿ 3 Ν᾿ i ἂν 
5 | | | : 1 αὶ ἢ 
= " i >. ᾿ , (ἢ Ὥ 1 
: : he | τ ἢ Ξ 
Φ " ᾿ : Ἔ 
: i ‘ 4 
Ξ ἢ . ‘ ᾿ . Ἑ ‘ ’ : ; i i 
5 ᾿ : ; τ ie 
[51] an) ' 7 ‘a, ἢ Σ᾿ 
2 ἮΝ ' ι i. 
s 3 7 | | ὕ ; 
A= " 7 i f. ‘ us - Ἢ 
. Κ᾽ A δ. a ᾶ μὴ ΤΣ 
| 4: if ᾽ 
: 4 5 : at 


rd « 


tog συν ε γε 
be) 
-_ 
- 
A 
Sv 
ee et Bar 


TS 
ΝΑ 


τὰν 
a “ἦ 


‘ . ’ yv t 
ay > μη Ν. 
' 5 ἪΝ ‘ +. “ Ἀν 
-- ἦν ᾿ a - a 4% 
ae ' ΓΝ [Ὁ i N ' Ν᾿ 4 μι 
᾿ "ἢ 
» 


we 


ar 
hd 
hang Oy 
> 
ee ON LEY 

13... 

. 
ety 
ey 


AS Os 


& % 
͵ ᾿ - ἡ x a My τ 
δὲ . 4 ων 
‘ oy ; ῃ ἘΝ: 
: Ν ἔν : 4 τῇ 
5 Ξ * - ° Z pe 
i " 
᾿ 
Η 


- 


δ ᾿ δ 4 
‘ ἢ a4 ' ᾿ ᾿ t I 
« 4 ' ᾿ ae « ᾿ Is 
. πὸ τς ὦ “Ὁ - an’ 


//t.me/upse_pdf 


. 
‘ 
Me, 
ΩΝ 


᾿ ΕΝ. ‘ . 7 e 
rl : ὅς "5 
Ki ‘ ΄ ᾿ . ae ‘ (4 
; 7 1 ; ᾿ ' ’ a : τ = 


i : 
we Ok αὐ OT TE SIS "τώρ Gear he suey tne τ᾿ δι. . .“ Leg SUAS or Sal 1 ru - τ - “ἢ κ᾽ "Ἐν. the Pe ae ΤᾺΝ τ i oa , ἐ ἃ Μ . . δὴν τὶ κοι ες: οὖ 2 © a gee -" 5 γώ “yer ΠΡ ἀκ ν ἄωὰ ὡς ὦ ff ΓΑΕ - 7 7. . Mite eee. 8 ' - Bigs gt ἡ Cr ee | . mpsa 
i eres rere ene) oi ag ee EE A ISR RS Fe TILA : HOA EDEL TN TRE et aes PANS ee ite: we ag Dt tae ag Trapt hen a aati BEN oe LEE Dene ΝΣ, Se PTC hi. hit ea aT a ee Cee ΝΣ 
vine ᾿ ΕΝ, eeu : an a : } ot ας Da he ioe g , 
ν te . “+ ' - - ed ει yoru νὸν εν ὀπὰς “δ θὰ Ἄδα, ὦ ὦ» κ᾿ ἀπ αὐδὸ ° ᾿ ᾿ aah = oe ΤΡ * ᾿ ‘ ane 


ts tn, Was tne ἄδυτον ge © ἃ ὦ ie re ΝΞ oe Par a Ὡνϑνν ee eee ee ee 4 )2)ὩἘῈὲ2 ee ee ee ee a » 


Join Telegram for More Update : - https://t.me/upsc_pdf 


ein tia- 


as tf evtrae 


; | (1) ᾿" 7 
IAS Previous Years Questions (1983-201, ys : τῇ 
" ᾿ ΑΝ - 
᾿ : a es ΞΕ re Se. ie: 
segment-wise G Ὁ " 
' ΕἸ τ Ξὸ τ ἷ: Ξ 
Complex Anal sis. ᾿ 
) 
Ε τ ΒΝ “ὦ ἘΝ ᾿ 
oS lL f(z) ᾿ 
» C, then show. “wat Ὺ (2) = = “πὶ -;ὰ , where the ᾿ : 
ω bia τ 8 foot 
Sree, : ᾿ : : Far 
» ee het oe 5. ἢ τ" integral is taken in the tve sense astound C. oe 
ean ὰ Ne ἊΜ 5: ἘΞ] Zs : ; 
- whieltrepréesent the function 7Ζ τ 4) in-the | * By contour integration method show that = 
fat Pes (z + 2)(z +3) 
i ao 
regions (i 71 .2 (at) 2<(z|<3 (ant) [z|>3. Ξ dx πνὲ : 
4 | gions (){π|ς2 (ii) 2-«[2|ς3 (iii) (2| @ [-τ---- ryereg 0. : 
᾿ “- Use the method of contour integration to evaluate . o~ ee 4α΄ * ἃ | 
es 
39 (Cann O<a<2_ - ; 
᾿ οἱ «χὶ " 
! a 3 
ae | 
: ! 
Presi 
; - . ee y εἰ ; 
᾿ } <* Evaluate by contour integration method : EX considering the Laureft aes τ᾿ sy for 
3 | τ: ᾿ τ ES 
i τῷ a l Vee aa Ὁ Ὁ 
= ᾿ (i) (==. Jer ἜΡΝΟΣ ‘prove thal ie} bea os | 
: 9X tas ῦ ie πη -ὦ τος ia 
: a enon Stiented in the corftour BASckwise direction, 
᾿ Ἶ τ΄" log x Ν Cee ae Se a ωδὴ 
: πο Ξ ay : be 
᾿ (it) | ae 
0 la 
ΓΝ Gs " τὰ yh ᾿ 
: =" ἢ between ἃ po’ eal ᾿ State g and Ἶ prove Cauchy's residue theorem 
Ξ us - τσὶ ὅς ῈΞ ΘΕ ae. sy, ἘΞ π Ὅς “s [ ͵ ha: 
Singulatitye SL iS an essential’ Singularity ofa | * ,ebrermethod of contour integration , show that 
} Se i ὲ "a 
eifor an arbitrary pet [- iS ye" = τὰ 
% ὁ Ὗ cosx πα 
Ὑ "“ Jaze = a>0. 
ων ΡΟ sx 1 a 
. = 
ι } πὴ «ες . 
᾿ Ὧ 1986 
ἢ τ & : 
= Pie | 9K " 
: £ 
Ξ ᾿ . ts dz | 
#4 ~ By evaluating 7 over a suitable contour C, 
Ξ ". ZF . 
3 Prove that evpiyawier series represents: an analytic ie 
$e function witht its circle of convergence. 1+2cos@_ 9 “ὦ ὸ «199 7) oes 
t oe Prove that ΞΕ d Γ δῶν ἐξ τσ 
ἶ + Prove that the derivative of a function analytic in a gi +4cos6 gs eee 
᾿ domain is itself an analytic. function. Ἢ ὦ If fis ἀπ νοὶ [12 «Κὶ sik y eS sig Pi disc, : 
ἘΝ ΣΟ Evaluate , | é aues : ἘΝ ἐν»- ENG ; 
: 1: eve he method of contour integration | . il Ἧς Ide? εἰ «Σ εν 
: ἐπι ον eae πόδες | | ee ἐλ - évaluate’ hic ἀπο, tal ΝΣ “and: deduce: iad 
: ᾿ ; 6 ‘yee Hees y) 
ae) 7 ie 
x that a function Banal yh a arid ‘bounded for all finite z Ἢ 
Ξ 1s ἃ mem ἃ «Ὁ τς 
ἷν Be ἢ ᾿ ᾿ς 
: Ὁ If f{z)= ya Z has radius of convergence R a 
: ~ Le Ore, εἰς valued and analytic with in and ve 5" 
: “ἊΝ : ' 0, _ 2 20 : 
͵ on aelosed curve C. If z, iSany point interior fo | . aud prove that - 2< | ΠΩ } dd= >! α ΓΤ ἜΣ : 
: . ; ᾿ i ; : a 7 a= ; ὩΣ ἱ | Ν 
is ' " : 
= H.0.: 25/8, Old Rajender Nagar Market, DelttiG0 8.0.:105-106, Top Floor, Mukherjee Tower, Or. Mukherjee Nagar, Delhi-9. ; 
i ϑιαῦνας for MAS ον COI CATE Eee, ΡΠ: O11-45629987, 09999197625 || Email: tmsdims201G@gmail.com, www.imsdmaths.com 
; https: Ὁ a pdf. | 


ΠΣ 


iS eg SRA IE CR ST a Φ ἰ- 
————— Fm ome δαί τα ae TR nn πῆς 


ταπετετ 
a πὸ σ' pape eee pa pate oc Reade rier 


aba 
Wale σι τατος. το oo ase ae ee CO et 
7 = 


AS SOS IE Poets TERE 


https:// upsepdf. com 7 “https 


SoS Pwo TEs 15 ST wet Sos 
Lee 


»5://tame/upse pdt. 


ON e Sate εν 8, 


we OP ek εν 


ony 


ct eS a ht rivet 


“se = a “» Ν . ἘΠΕ of = ae 
tray a, Mh ate steady ΤΕΥ Fae SSC ea ee 


NE Oe οἱ αἱ αἱ ῥ᾽ γηγν lhe rae bee ber, Bate ty net lat stan “ate eed . : 1 
BOE LEED RAINIER NT AEROS OL El hte ape Slee lee mye alk ag hey a Ἔ wien aise 


amp 
a 


41 


flew ae 


Te Et ERE Qk ee pate 


bua te "bp ae να 


Φ 
ee 
« 


Ze - - 
Evaluate | > , If a lies inside the closed 
ἐ(2 -- αὶ 
contour (. Ἐπ ᾿ 


aim 


a - 
Ne e";(b>0) by 


πο, οἷς 
Prove that fers 
‘G8 


the inte Bing ΤΩΣ ᾿οἰηϑειν of the 


EE in ᾿ ie 
“- ΤΕΣ ΩΣ a a 
gnats FG Varo.” (1997) 
> Ws re - 6 
progeshat thé*toefficients C, of the expansion 


zt aie 


o μῆς ὯΝ 


~ Cz > 
bes? =) satisfy C,=C_,+C,_, 12 2 
Determine ’C,. 


᾿ . © 


- 


a ~~ 
wet 
rm 
N 


Find the singularities of sin 


complex plane. 


Pe ¢ oes ; 


Let f be reer: for |Z] «ἃ , pibye ‘thal ate 
ese. : 


τς 


ΜΠ 0, 
σι MM A ἢ 


r is any number nots xceeding the radius of the 
series and 


converpen of the 


ba iS constant. 


‘COF fants ' 


ὑπ for AS TAY CRS CATE Bowtie 


_htips: //t. me/upse_ _ 


Saree ee SACRE. 


= AES Tne Se eee π παν 
ae. ἐς" 2h δ τς we ΕΣ ἘΠ ew een ten ee ye ite ae Me REO OT ts 
Α ὑπ, τιν eye the i= Stuck Pots 
> ht ae yn Se Caw VEE. sacs, oar LE ra FLAS gh te ad τος ane eRe te y Feast Ks at REFERS OFS es rer τς πε ΤΟΣ ἡ ται τον or ee ast Age Tara RR Ores ae Pee 
5 = 7 


2 Wey 


oms τὲ origin tinearest 


. where 


oul and ΤΩΝ c τὸ for suitable 


ee 
. 


Φ 
ee 
e 


https:// upsepdf.com "" 


Determine the nature of singular points 


be 


. Ϊ 
sin a 
cos ¥ Al a CO . 
᾿ς wrt 
A function i ZFS, <defitied for finite values of z by 


on 
f(0)=0 and (2) = 


that the Cauehy Ricmann equafion are satisfied at 


everywhere else. Show 


the origin. Show also that f(z) is not analytic at the | 


ortpin. 
6 _& 


οἷν 
Sa id aoe ᾿ 

nie ai .- 
a R shox Tle al ie. ἮΝ 


δῖ 


ἜΝ the. residues of the function πτατέξηεσεει τ Σ ΞΖ: 3} 


ἐν ASC singularities and show that their sum 15 zero. 


By integrating along a suitable contour show that 


am : a 
| το: where 0<a<l. 
zite’ sinaz 


a 1 as 
If y=e™* (χ siny-ycosy), find ᾿ a that f(z)= 


AG 


Prove that all roots of 35412=0 


‘between the circles |zj=I and l-|= 


H.0.: 25/8, Old Rajender Nagar Market, Dethi-60 8.0.:105-106, Top Floor, Mukheree Tower, Dr. Mukherjee Nagar, Delhi-9. 
Ph:. O11-45629581, 09999197625 |{ Email: ims4ims2010@gmail.com. www ims4maths.com 


utiv is analytic. Also ΠῈΣ Tey LLy. as a: 
. . ἘΞ «ὰ 


αἰξι δ defined by by 


ΨΥ ΩΣ inside C. prove that 
-- 


lies 


_ (1998,2006) 


7 https://t.me/upse - pdf 


SST UT -ΞΞ2 Ξ::Ξ: 


de ae eek ΣΎ ΧΟ ΤΟΙ 


eee oe 


- ———__. ΟἿ καὶ 
r ἄς τ 
ve i ἫΝ 


---Ἦ 
παῖς 


Comptex Analysis 


lw - 
ἘΝ 
i: -| 4° Find the region of convergence of the series whose ast ες 
τ ᾿ ᾿ τ ol, wo ἰ:- 
yt ee a “* Find Laurent. “serics’ for ἔθ about : 
n-th term is (2 a - : &. # "» , 
; a a 228 %- a 3 ; 
5 ᾿ς z=} u “3 2. = 263) ie 
= _ — A hy a i); 23) Ὁ paces . by 
° last a 
“Expand f(z)= ey 3 in Laurent series “3 ἧς ἜΝ 
Γὺ Ξε ese Se τιῖ 
τις ΟΣ ee 
oe SPY . *e Find th Side iv pe ἣν ; | 
valid fone - ind the is HES, 2 <P (Z)= e'cosec’z at all its 
: erage at, ὯΝ Ἢ 
: poles in the “finite plane. ἢ 
| Age > ny (2005) : 
7 oe . See ταν ὃ = By means of contour integration, cvaluate i 
ἽΝ μὰ Bye rite along a suitable contour. evaluate 7 
᾿ Ὁ 1 " 
+. o αὰ:- (tog) ᾿ 
ξὴ COSINX [a . 
3 oom if +1 a A - 
i€ 2 0 »- tase - - τῆς 
ὃ 0 x t+ l rez, Oa SS τς 
i es ἃ τ᾿ ἮΝ 
ΝΕ σεεσ mesa, * » 
᾿" ς ae - bea 
Sp : eo eg Prove that ‘u’ 
_— τὰ “- ‘In the finite Ζ- plane show that the function : aN 
aa : , Ἐπ to an ὙΠΟ sael tar Bopic function. 
a a oe funttion of 
“᾿ it mad 
: f(z) hee. eT ic nétion of z. | 
ae Ζ. 5 ; 
; . : ae a ae: ἢ pansiogof the furiction 
} has infinitely many isolated singularitics in a fintt ME «ον ἕω Ἐ 
x - - g.0 ent ᾿ Ss Kowa, Pei al Bag a ἢ 
; interval which includes ‘0°. pe) . 4° eel ὡ: 
ἰ : QuaU'2 = 0. Findedlgqubertadius of | 
3 “ Prove that (by applying Caugh: olep: aie = 
ἢ o Aeeee Eseries eae FAN ΘῈΣ Q eee %: τῶν ἜΣ 
ἶ - » ees eee, 8 mnivereence ofthe eeines disenese™ 
: ae Za Ἢ ΠΩΣ ae ἘΣ πεσε pace or ose Sank ᾿Ξ 
Η “ Ξ ἐν “SE = - ty 
᾿ 5 --(20 ΕΞ ace Φ ἔξ: ‘be the sirele. 2 |=2 described contour 
: eh “Ne πὲ _ ot BARS 
Ἢ 2-4-6---2n Se, LE 8,5 2 hore 
eS clockwise, *Evaluate the integral z(2? +1) . 
Ξ =, ΒΕ Ὶ ΚΑΤ « ἘΞ 
an a Son Ban — 2 
- Ἢ ag 
: : oa Io "7 
= Sass α΄ “3x7 44x δ ining the, ἢ Ὁ 
ia See 6; sth h ἢ ae % cosax 
= = Vv ἯΕ2 .ο 
: gue) so πιο ue: = Leta> 0. Evaluate the integral [. ὙΞ νὼ with 
: κε ae a4 
: ΞΕ ΟΣ ς ὺ ἑ 
ΗΝ se «Ὁ ; the aid of residues. (2006) ; 
: “ι Ζ ay . “. Let f be analytic in. the entire complex plane. | 
Ξ ae ὦ τ : “Ξ-΄: Ἀῳπλπλςνι : : ; 5 ᾿ τς 
ἔξ ἃ °° . Prove that 3 δ ρδηνειρες absolutely for {z| « 1. Suppose that there exists a constant A> Ὁ such τ 
i ᾿ a=! Ἂν : : ν ‘i ᾿ . { i, ae 
. | - (δὲ Β that |z)|<A |z| for all Σ. Prove that there exists a . ἢ" 
εξ 2 . complex number ‘a’ such that Seite: all z. : μ᾿ 
ἶ <= Evaluate [ ΩΡ by choosing an appropnate contour. . £ Ss : Ἂν» 
. οὐ τ Sor" EF : 
ἱ " 2 HN τ ἊΝ" 
_ ; = ORE i 
if ° Kos EASES | Boe polynomial : Ἷ 
Ἢ | : τ 
gee OX ξ on 
ae Α͂ Begs in (1) the fist Let z, be suchithans® ἢ τ: 
. he fou uadrant : eo | : 7 
δ πρὶ Ι: ἐ <|z,| and* z #0 \z,| < [χε] and z, #0 show that : 
or uniform oaivergence in the region IZ} <1 : ᾿ ; : . 
: the series converges unifomnly in the disc : τς 
is , & ME 11.0: 258, Old Rajender Nagar Market, Delhi-60 B.0.:105-106, Top Floor, Muktierjce Tower, Dr, Mukherjee Hagar, Dele? : “Ἢ 
Ξ tere Wee Oe Phe 01145629987, 09999197625 || Email: imis4ims2010@gmail.com, www.ims4maths.com : ᾿Ξ 
' ᾿ | = 
: https:/ Sa re ca https://upscpdf.co : . __ https: τα me = 
ee ee te ae 7 Pe he tag pI Se 


- ee A 
+ =”. ie τ 
TIE EIAE sersk IRSA EN SRL ELE Ss a τς penlnes 
STs aS TAS, 
we ὧν 
ἘΝ Ἐν λας νη OPO PH Me one mote p 


ΚΗ 


τ ἐν κε να λέει wo 
ergs 3 
ee “ν᾽ 


Δ ρλλς col 


ον ἐν ΤΡ ATA ON hy whe 


Vistas ewe gay 


ott 


ads 


» 


Pa St REA? at Pel are ted kas fe 


7 


TENSES 


45. 5, 


oun 
Ἰ 


e aad . 
ἜΝ Mae eg 


sy ate, 


AAEM NEVO ΜΕ EYER AS00932 OMY URNA AMELIE ULE Me a oe ae 


5 


η4 "85... 


Νὰ {ἢ ALAR κατ Cp 


ἐγ τ ETS κεν Ν λον 


ΠΥ νος ΚΣ on, 


“0 


ee ee ν΄ 1 


| I-cosz 
< Evaluate - (2) - χ' (1 - ἣ -- » Ἐς: 
z0 SIN] Ζ 3 « : f(z) ἘΞ ( ) axl 
—_— x +h, . 
“ Show that z=0' ng. gebianch, point for - the ak ὶ 
é ' το : 
as Ν᾿ 
“ἐς : [(0)-0 ι5ξξδι ζὸ πε που πα ς- R conditions are 
aot Ine Z ΩΝ ae US 
cee oe ed at z20;But { (2) does not exist at z=0. 
text Ὁ «τοὶ ' ἂν : 
xe = of 
Ξ ger” “* Find the Laurent expansion of /, about "ae 
οἷ ς σὰ “every polyrfomial equation Ρ (Ζ εἸ)(Ζ:2) 3 Ὶ 
ae 
a eee a Ξ - - - 
Ay tz + a,z” 4.00...4¢4,2°=0,a,40,n21 has the singularity z =~2. Specify the region of .} 
aya : ΄ 
exactly ‘n’ roots. convergence and the nature of figularity at z = ~2 |. 
> By using the integealaeptese tation of f Ὁ) prove ae 
poets +1) "ΝΣ εἰ a 
<-  Byusing residue theorem, gvaluate J dx | a - 5: 
τ] . x ae | xe" ies 
. 7 that | —4 ἢ Oni ἣν δυτ ΠΠΌΣΙ "εις. Οὐ is any ἐπα, 
= About the singularity’ z =33, find the Laurent | 4 ee 1 ἐς ee So 
oS : 3 eae 
AE closes comlOuRsr ing tl 16 ongi Hence show orn, 
expansion of (ε:-- ~3)sine—+ ‘Specify the regiog ee ΞΑ i . 
Ζ +2 ἘΞ ve iS ΟΕΝΘ: “5 “ ;: eo 
ae : Ἢ Ye aan Ἂ ᾿ἣ 
of convergence and nature of singularity at z= - 1 - fon, es 
*. ς aS π- "Ὁ Cg¥ ¥ 
- Pa ὧν 2 
ἐπ}. ἡ : sa : 
oO Ue Ee aoe a ae Pros 6 +sind as 
ar A, Ss Η 
It S (2) zg A ἐδ » “τ. 
ee ~ See Fee Ψ “Ὦ δὴ 
NGS, es τὶ = : 
go Ce ehh bs : ; 
es "" = (exaonne the nature of the function! 


See | 

a Be 12 B . re : . . 

“ Find ‘the Lau ie for ie \ iid Ye in including the origin and hence show that Cauchy — ἃς 
᾿ Riemann equations are satisfied at the ongin but " 


< eS : 
0 «[] 2°. ὅτ᾽ oe f(z) is not analytic there. 


« 
= 
Ι 


-l a & RS 

a “- i =-—————,_ find Laurent οἱ ths 

Hedice that & ὍΝ πηθ)40 wed For the function F@) 7 ΠΕΡ 42 2 " pea 
= | series for the domain @ Ι « ες ΝΠ ΙΖ I- oa) = = | te 


- . 
. ee es 


(11 = 0, 1, Zz serena wveaoe ) pay ῃ > 5 - - Ὁ - 
ςτὸ show further tha SS (z)4 mE Wii isany). - 
ον (2001) Res wae τὶ - gis 
᾿ | singe epoint 7lound z=2 . = 


: ee ee losed contour en 
“” Fi “ - C - Ll 
nd the function 4 analy i With in the unitcircle | _ ; ee a coi: that | εἰς 


which takes the value SN marine a — ah ὌΝ, Ἐπ ‘ 


.. : «ἃ is ᾿ ᾿ . 
a τὰ isle >0) (1984, 1998) i. Cb 
<< 


2 x-+4 


2 ἘΞ ay 
a -2 ν᾽ ” Ses : : Ν eae 
τὰ ae. a . Σ ΓΞ ᾿ 1, " om μα ἕῳ ewe rae 
ca ἃ ne + The functiof’f(z) has a double pole at z=0 with τς 
fe eesti, ev, “fing a suitable veciangular residue 2, a-simple pole at z=1 with residue 2, : 


δὰ - Ὁ Ξ - - 

eer eo analytic at all other finite points of the plane and is 
a «ἢ ῃ -αὖ Vn -B Δ 

conten Show that Je cos bxdx = cee . bounded as | 2[- οὐ. IF ((2)=5 and {(-1)=2 , find f(z). : oo 
9 ΝΝ ᾿ ᾿ | | 


ar 
ny “~ 
: a 


up eh Τ MW HO.: 25/8, Old Rajender Nagar Market, Delhi-60 B.0.:105-106, Top Floor, Mukherjee Tower, Dr. Mukherjee Nagar, Dethi-9. = ee 
: UT ONE ρῃ- O11-45629987, 09999197625 || Email: imsfims2010@gmail.com, www.imsAmaths.com , re 


Secrets Cor LASS BOS! CNW CATE Banat : 


a 
ie 


ee ope" ee ee Fy https://upsepdf.com-—.- - ον  *"". Attps://t.me/upse_pdf - ~ 


: 
. gta: ΝΜ 
es SSE SP oe 2 SrA Sees 7 . ᾿ 
τος ΗΝ Mame on = = 5 SOARES gra τας, πο ες SPOR N te SAMA She ae, =) ene —— a cepa ate 
: (pA vereo es: we eee ae OS OE SoS es ed SERS yon met oto heen teas PES FSS FEL ET ee a TIO EE ap τ πρὸς τοῦ Sp EEE DT IN οὐ mn πεκπάξιτεῖ. 


᾿Ἰδκοηλξέκελος " 


ΟΣ ΧΙ 


Αι, 


a~ νων Laban sb + 
ees | 


ws ier Th ike Ὶ os 
eb χε έλιτλλυ 2: 


oy 


» 
Je 


seu tet Anat DAB ean a 
τις ἢ 


of eect ret 


0 ee 


ar ye 


oT 


Bey eee re 


rmeabie terest ty 78! 


rere) ἐν πα ie 


\ 


t 
= ἀντ΄ 5 


.- "ᾧ eee: 


a ee τ 


Peer Mee Li 
᾿ 


https://t.me/upsc_pdf . = 


ἘΝ What kind of singulanties the following functions have? expansion in powers of 2- as att 
i ᾿ ᾿ . τ ae wae 


(1) 


ταί 2 τ 2πὶ 
—-eEe — 


a isan f= (15) 
a a oa 


If all zeros of a polygomigle ded lie te i in a half plane then 
show that zeros oft KEden enivativesp(z) also lie inthe game 


Pat half plane. 7 τ15) 
£(é) Pn | 


Suppose /(&) is continuous on a circle C. show 


one fod en aes Sa 
that ΠΕ 34 7 ᾿ς ἃς Ζ varies ‘inside of ‘C*. is . Using conteur integsatigte ἐν τὰ εξ, : 
ἐξ-“) i ms ee ee 
= See τ 
ee 
differentiable under the integral sign. eae ‘the, τοῦ op <1: 3 .« (IS) 
‘Sol ΒΞ 


resentation {@) if f(z) iS analytic on a 


inside of C. 


ey oN “ 
alytic ‘function of the 
. it ape e“4cos y ~sin y) 
(12) 
ote of 
: ἡ 
ἘΝ (2+1)(z+3) in Laurent’s senes 
| ch is valid for (i) 1<|z|<3 (ii) ΙΖ >3 (iii) |χ[ «Τ. 
sf * (30) 
ss With the aid of residues, evaluate : 
ZB 
* cos286dé@ 
j=. , ee SE ἐπ τῷ 
91—2acos@+a’ - 
~~ Suppose that Γ᾿ and g are two analytic functions on | 2007; 


the oct Cc of aM. oe εχ seth if / Prove ale sas the unig εἶ 


ay 


"εν > rent aiz0 (1 2) 


73,8... πὰ show that 


τ β [5 


(12) 


2« d@ 


= ae | Ἑ Pe ae 

SE ᾿ ° “Valuate (by using residue theorem Ϊ } 

( <i π᾿ : (by using ) 9 1+8cos 9 
Ὁ --Ι(2--3)] has the Laurent series 


(15) 


H.0.: 298; Old Rajender Nagar Market, Delti-60 B.0.:105-106, Top Floor, Mukherjee Tower, Dr. Mukherjee Nagar, Dethi-9. 
tents for AYU CIC eet PA: OM-4562998T, 09999197625 ff Email: imsdims2N10@gmait.com, wawimsAmaths.com 


https: // upsepdf.¢om . 


SST: a =e” Din ietcai tapes ht L: 
τ SES oe ws arias 


Pet ea eed 


ee ry 


Weer Co ee ΠΡ ΛΥΝ ΕΝ 


fatwa tees ceoaeocee 


ee / Oo are pdf, 


EE CE MATT EAT IS Ser ere 


(me 


ΕΚ A headband Ald ΡΟ, tear rata eh ene ive re 


‘ 
ΝΣ 
μι mStar fan Vile 


an, 


. ῃ ‘sp ν 
τ ΝΣ 
ως Eanes oe ie 


os! 


at , don oe 
Cn eta ke 
Δ  α Oy 


4 yi 
UNS 


ΕΝ ΜΝ ΗΝ 
τον ΣΥΝ ΤΟΝ 


hes 


ΠΕΣ ΣΣΣΩΣ ΧΗΣ 


a, li Sd 


ett 
ΩΝ 


VP ag ἸΣΥΣ Stor Males eee 


πὴ κα 


wt ef Oe ΓΜ ἢ) τὸν 


: 5 
(6) Complex Analysis | 
‘ : = . 
20 08 with A a given complex number and igicing the unit : bers 
cee . ok ἢ ἘΞ 
3 circle C given by z= cass a in τ ἐν 
. . cot zcothz ee alias j 
Find the residue of ——_—— atz = 0. (12) this region. ἢ τς (15) 
ἶ Zee eee Ce} ᾿ 
rae) ὲ _ ee 
ΖΞ tbe 7 
δ l 5 ; Ξ 
Evatuate 7 wea EO LZ os ~ 2 “ἃ 
ς : ΖΦ (z = 4) Z Se 
; 7 4 ots ΞΣΞΔ ax ἯΣ 
where οὐξείης Circle zie Rute’ ἽΝ theorem you | “ Evaluate by Ce isn ramen: - (ΠΣ 
use-in δὼ a awe e. inleggal. (15) Μὰ x°—x ) 
Ae yy ὡς 2 : : ; : 
“χω εἷς, ϑροιϊτε, fitition satisfying f(a<kizP |* Find the Laurent Series for the function " 
eis we το Ἴ 
ea +4 t i how that oad δ 
oe ὃ constant k and all z. sho f(e)=; - with eae (15) , 
£@ z)az* for some constant a. (15) |. | ; 
= Show Ἢ the series for which,{he sum of first π 5 
wee ; ἘΞ 
γ 1.141] ᾿ terms f(x) = aA <1 cannot be : τ 
: : “ge : - {τι τς 
᾿ differentiatgd” term-by-term at x=0.W hat “happens ἐκ bos: 
a, +4,z +....... +a τ΄ Pees Seater SE ' oe 
Let JO ee on Os ee , (15) pan ἝΩΣ 
: ; ὃ, ἐδ, Ἔ πιο οοος +b ἊΝ ᾿ a nehion of ἐὺ “ΔΙ » ea 
Assume that the zeroes of the denominator are 3 ee oA a 
simple. Show that the sum of the residues. of {(z); a) = πα ἢ Dy subject ect to the Bs Ee 
eS paras cosx 4 ἘΦ 
᾿ . av! yo Be τς 
its poles is equal to“, . meh? i 
If a, B, y are reat numbe δε Codd 
20 ΒΡ ΞΕ ᾿ C : ) 
Show that: Je “- Ξ -Ν 
ἀξία + Pcosd γε : oh 
DQ 
4 ἐγ = 2 
ath ~ 
Bc} ΤΕ % Re] 0, z=0 NG τς 
Size eee ἌΝ ᾿ ete. 
Show that. uf ἊΣ GL ΟΣ ΤΟΝ is not analytic at the origin though it satisfies ica, ΟἿ 
function. Fint ἘΠ τε τσ co goal u(x, y}. Cauchy-Riemann equations at the origin. (12) Ὁ: ΒΕ 
Hence find the ~ aN ee orwhich u(x, y} | + Use Cauchy integral formula to -evaluate am, ee | 
is the real paft: (12) i = zi <5 
——- dz, ircle [ΖΞ 2. (5) SES ΤΩΣ 
ἃ). Evaluate ime ἊΣ Ju (z\dz. ] (z +1)‘ where C is the carc | | τ Rae 
ae ς | ᾿ 
5 . ; -. » ἢ > * 3.3 
Where f(z)=z’, cis the boundary of the triangle | + Expand the γαίῃ f (z)5 Ξε in 
ὃ ἘΞ ee sOI 
with vertices A (0, 0), B {, 0), C (1, 2) in that S24 
order. Laurent series valid for. . 
ko 
(1) Find the image of the nite νέε καὶ strip R: (i) 1 <| al < 3 ἘΝ 
ee ow 5 tox=-9,m<y | of Ζ-- ‘plane under the | -... ὌΝ : = τι sy 
: (15) (i) 0 « τ — “hs 
nation eae “a Cp) ξ ; wet 
: ΦΟ Evaluate by Gé igi integration sae = ᾿ = 
forO< |z| < 00. 2x wy ϑ : ᾿ 4 ἜΣ 
, = [ —_—_,@ <1, ᾿ (15) * 
 g l-2acos@ +a ἃ [ 
Ὡς | cos(ng — ~Asind He, " οὐ τὶ ἐπ δος Ε 
att Φ 
τὶ ἢ ΗΟ - 25/8, Old Rajender Nagar Market, Oethi-60 8.0.:105.-:|Ὁ06, Top Floor, Mukherjee Tower, Or, Mukherjee Nagar, Delhi-9. : 
Iertture Or ἘΝ τ τ a eeTSCES : it: ims4im : ; 
SEA πτ τ υεαμηρὰ Ph: 01{56018681, 09999 1976725 || Emait: imsfims2010@gmail.com, wewimsimatks.com 
_ittps: 7 a natin pdf . ee . https://upsepdf.com . a = . https://t.me/upsc_pdf 
SS TASES SEER ROPE Se RS ONCE TERT LOSES χα eee PERE A Pkg ep APE APRESS MASE EOC oe a ae NS Oe ee EGE Be Wet eh WS Oe ee TREN SEY ER 


εν δ “9. δὲ Hee 


Join Telegram for More Update : - https://t.me/upsc_pdf 
| . (29) 


(Accosding to the New SyHabus Pattern] Pape > 


arcu eet 


Ι ἊΝ x ry " Ν . (ἢ fl-a; (ii) S'(i-i; (iii) sei). (12) 


Yee 


° “- Χ Ἢ ᾿ log|z+2 a power | . a : 3-Z 
2 ais wor we function f{z)= εἰ ) ee De ve Under the bilinear transfonnation ἵν = 5 
7 seri@s and determine its radius of convergence. 2 Ἐ΄ 
᾿ ἐν "τοὺς that the function f(z)=utiv Where 
: ee ' κι 
. πον Sha)-y~(1-d 
He)= a a 
: r+y , 
5 £(0)=0 ἊΝ 
; , Satisfies Cauchy-Riemaan equations at the ongin, bugs 
: f (0) does not exist. Ss Ρ Pe ak” 
: | AV iy, is 
τ τ Compute the Taylor séfies = 0. Hence or 
x 
ΜΞ ae, 
radius of. cbnveigence for ’ at *sin{x+i3y) cannot be analytic 
Se ao . ‘aes ἜΗΙ 
wer’ τὰς See | ak, ¥ 1 
ἐν Show ia ae a f(z j= vo" : sis at Ὁ Ne Ae"the transformation ἵνξ Σ : and heree, 
the ongin the ns ate, * ae ΕΝ 
a) show that 
Σ satisfied Ps «νὴ ἢ j 
er ἘΞ τῆ 4: (1) acircle in z- plane 1 is mapped on an ellipse in the 
. ESS, St ER ‘w-plane 
** By using the Resic eiheorem ai la κι. ral : ; : 
᾿ y 8 duce aoe Ὁ 8 (2) a line in the z-plane is mapped into a hyperbola 
ὴ 2x do ak ee ᾿ in the w-plane. . (13) 
Ἶ [ aes Where?) Sax. ~ (14) | = Find the Laurent series expansion of the function 
ΠῚ ; 1— 2asin@ +a°- ἣν ᾿ ᾿ ' 
: τῷ ; : . Ὁ 2 
Y = ‘3 > Ζ —} ᾿ 
: ὯΝ ter Sf (z)=———-———_~ val; ion 2 3 
: : egion 2-.|Ζ < 3. 
\S 7 | ( ) (2+2)(z+3) Valid in the reg1 2 | | 
: oe | ; (13) 
ἷ > If 7 {1) :Βᾶς ἃ simple pole with residue K at the origin | 
i audi is abe ne on stg Shaw that .* 
ἊΣ ec. “ ἢ (0,0 x Ve he function” 
i t «ς 
ἘΔ 
'ν (10) 
: ““ Find the analytic function {(z) =u(x,y) +iv(x, y) 
5 . © for which u—~ve* {cos y—sin y)- 
_ HO.: 25/8, Old Rajender Nagar Market, Octhi-£0, B.0:105-106, Top Floor, Mukherjee Tower, Or. Mukhedce Nagar, ΟΝ 
δεῖνος for ASS Say CRG CATE ΕΣ ΕΣ Ph: 011-45629987 09999197625 |] Emait imséims201G@gmail.com, wavcimsdmaths.com 


Ι ὙΠΕΡ a ΒΡ ΜῊ ᾿ 


3 . 2 = 5 “-͵ . - 
https://upscepdf.com ΠΝ 
=. bar 
SAE EY ESS See anaes a ak sol ssa 


se ae Beemer 
iat ren ππ DERE aS Stn ἘΞ στον aa a or tee Petes ay 
mn ria ay ee oe en ee AE, et <2 Sa Sa 
re het, Meena Ape oe ees πεν. τ ae τὰ Be oy δ ces es a es ea Ra 
Rx roe ταις ROE ERS = at = 


oT LEA 


ve 


Pre eid 


= 


aap pei atedetg preys te at 


Pat 


PMU Pedal eee ἢ 


3 EDS eo Pat ΕΣ 


»“,“- 


γυνπισ 


wate ae 


poo nee age 
νἀ δὼ ee hie 
: aoa φῦ ἐν 
ὰ ey on . 
δ᾽ δὰ οὐρα δον 


νν-ποσπτντ - 
' 


καινὰ πε΄ καὶ me ek MI) 101 


va 


ὌΝ ἠ ι . " a md ΕΝ . iy 
πὸ ἰ ᾿ 
φο, » ῃ , 
iy δ ΤᾺ ᾿ ὶ 
4 © é 
, 9 7) ι ; . 
. ϑ » 
at ' 9g ᾿ 
᾿ 8 
a . . ‘ 
o. 
’ . 
hei ‘ 
Ὄ : ἢ 
a ; 
4 ' : t 
S, — 
Ξ , 
Ξε 
D - 
Ξ 
_- ' : 
- ; 
a 
a 
Ξ 
a 
; i 
Q 
3 - 
go) 
oF 
ω 
& 
v : 
Ξ . 
S 
5 
ἘΞ . ; ἢ" 
Ε | 
s : : 
bb ᾿ 
& * ‘ : 
= 
τ 4 
= ; ΄ 
5 " ' 
opm 5 
Θ ; " 
= : 


Keen .“" 
AG wera 


SORTED Ty STEEP TE 


ee er eet 


"A 
” 


εκ δεν κλπ RL Waukee hee ae 


Δ, 
= 
μ- 


- pdf 


//t.me/upse 


AoE 
= 


e 

e 

~~ 
-΄ 


-https 


eee HE 
at Ae, 


ξ- 


RA 


aes 


Bees ward 


or 
Pot eae 
“ΔῸΣ ρας 


= 


com 
hl τς 


δ 
ie. 


df. 


//upsep 


x 


SP 


e 
e 

. 

ATS Ss 


batons 


. 
dale ted 


f 
4 


https 


Υ̓͂ 
ἕ 
"Κ 
τὶ 


ἱ 
| 
i 


m5 
25 


“Ey 


τ 
Ψ 


at teary 


. 
. 
ee ὦ 
io 
Nea 


ιν 


upsc_ pdf 


id 
-- Be 
O RA 

- Ὧι 
Eid 
2. ὦ 
= ἐδ 


a 
"Ἂν ol 


iis 


e 


vit .". 


εὑ hey 


ee 


2+: 


. ea = 

cs ἕω - I -- 
- ge ΝΥ, 
lee Se 

- ¢ Hl 

᾿ 

« » \ 1 

a * - 

-: ᾿ 
τω Fy ᾿ς ᾿ - 


= ἘΞ . - 
.ο 
, 
5 i 
‘ 
μ i 4 
ἢ 
> 
3 
" ᾿ 
᾿ Ι ι 
: ! 
‘ ᾿ : . ἶ : 
ἘΝ ! ᾿ 
- μ᾿ . 
5 ! ks: 
: t τὸ 
t me SS 
- «= λ .: 
“4 - oe 
e H εἰ 
is = 
ἐ . “ ΣΝ 
ἐς i εν 
: ΞΡ 
ἢ ͵ 
a 2 ae 
. i 4 
4 ᾿ - j=. are 
ig 4 ros 
~— t Γ a 
a 1 She 
& ᾿ ! τος 
H wwe 
-:ο i wens 
5 * ore Fate 
. : one 
i ere 
- ; alee 
᾿ i ee 
t 
“ a i 
- a 
- ἢ Ξ 
. t 
Η 1 
᾿ ἢ ia 
- ᾿ | 
[ 
: a i 
- Ἂς δ." 
Ξ 8 . : Η a= 
4 
Hs 
. - i 
1 ε 
- Ξ . 
‘ Σ ΝΣ [ 
= H * 
: Yo f- 
6. : πος 
« we 
ζ wer ne 
Ξ > Nate ate 
- i nat “* 
- a ‘ * :- ἰδ εν 
i -f rawen 
4 aaah ae, 
r] . wet iw 
: 5 εν mete 
arena 
! a 
r ' 
A ot 2 ; 
2 ᾿ = ᾿ 
. Σ | 
= Tae ge wake 
= - ' 
5 : 


- https: //t. me/upsc_ pdf . αἱ . | https://upsepdf.com . https:/ " me/upsc_ piif oe 


= SS ar SERRE SEAS yi Fa enn er at atta oa I 8 TI YE - τυ σας σιν Pe Pea OS ROLY ST, a Pan a at I a Says Fate a Perens 
poke Shea SNe ives τι ee =~ se Sa Sa Neate πὶ Peet ian ZI AS πεῖς Ἐπ σας ὩΣ SPSS, . ne -- By ων Κέστιος ne ene ee ae Ee Fein ον θόρον θαυ κέν: ἘΣ ΣΌΡΕΣ RITA SENOS ale nee Pen ary ee ae ee aor a NC Re a 


ee ee en -- a la re ner a tea 


es 
᾿ς 
& 

” 
Bp 

Ἅ 


//t-me/ upse_pdf | 


' https; 


ty 
ν 
: 
Ἵ 
ty 
κι 


᾿ 
Τὰ 
λ 


"» 
- “tel 


Δ νιν 
Pore 


“. 


SRE era ee 


e 
e 
= wea yt RIN Ee Ae 


vo 


* 
- 
4 
- 
ν 
κτυς τς. 
1, A ew te 


e 

e 

e 
OD Steere. 
fae BL ENT 


5 


- 
. 
~~ 
ἘΣ τα ττῸ 


Ἂν 
Ἔ 
rae 


AR ἘΦ ΕΣ ΣΧ ee 


: 
ΟΠ 
zsest 


. 


_—- 


rw OS ee BAN 


μος 
‘df. 


Ψ 
//upsep 


ie ae 


“τὰ ἐσ. 


% 
e 
e 
a asi ty 


ae 


https 


τευ ett ae 
Tt ane at 


= 


. 
͵ὔ 
Seer 
FN a SS Vw OA a ot re" 
εἾ of σ Ἄν a el ory ᾿ 


— 


J 
* 
™ 
, 
= - . 
- . ἢ 
τ Sata Mint Reelin re a a a il τ 
Ss ke eae 
le 5 a8 i i 


- 
a 
= αν 
we er Ι Ww Pe, 


΄ 
παν. we ne 
κυ on 


z 


Joe 


δ ΣΝ we ας 
SS ae NE 


πιο: ee 


KOR Oy 
Yor: 


Reha 
ates 
t= 


- 
awe, 


//t.me/upse_pdf 


eras 
“Ὁ 


e 
Φ 
ἘΣ ΗΔ 


https 


a 

ι 

»» 
TE cme 
=A gD SD 
> Sarre 


i ic i a CALLE A CAREER μὴ er es GREE APE (RETUD 1 NAR DS? BELO T IA Ate mReM ae Corey Nee POTTY PTC ee eC Ee a, oe ἀνν νος ΝΞ ΞΕ Υ͂ : : mo hm 


gg ES A TE Te Te TS AT TPC yk pry ye re re Eh EA CO PT ee a Ny TS PS Dy κατε ee a ee a ee er er re το-α-- -- 


